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Abstract 

We show that if is a group of polynomial growth whose growth rate is at least quadratic then the 
Lp compression of the wreath product Z i H equals max {^,5}- We also show that the Lp compression of 

Z X Z equals max | , 1 1 and the Lp compression of (Z I Z)o (the zero section of Z ? Z, equipped with the 

metric induced from Z I Z) equals max | j. The fact that the Hilbert compression exponent of Z ? Z 

equals | while the Hilbert compression exponent of (Z I Z)o equals | is used to show that there exists a 
Lipschitz function f : {2,1 Z)o L2 which cannot be extended to a Lipschitz function defined on all of 

ZiZ. 



1 Introduction 

Let G be an infinite group which is generated by a finite symmetric set 5 c G and let denote the left- 
invariant word metric induced by S (formally we should use the notation ds , but all of our statements below 
will be independent of the generating set). Assume for the moment that the metric space (G, do) does not 
admit a bi-Lipschitz embedding into Hilbert spac^l]- In such a setting the next natural step is to try to 
measure the extent to which the geometry of (G, do) is non-Hilbertian. While one can come up with several 
useful ways to quantify non-embeddabililty, the present paper is a contribution to the theory of compression 
exponents: a popular and elegant way of measuring non-bi-Lipschitz embeddabihty of infinite groups that 
was introduced by Guentner and Kaminker in IIBTI . 

The Hilbert compression exponent of G, denoted a*{G), is defined as the supremum of those a > for 
which there exists a Lipschitz function / : G ^ L2 satisfying \\f{x) - f(y)\\2 > cdG(x,y)" for every x,y € G 
and some constant c > which is independent of x,y. More generally, given a target metric space {X,dx) 
the compression exponent of G in X, denoted ck^(G), is the supremum over o' > for which there exists a 
Lipschitz function f : G ^ X satisfying dx{f{x),f{y)) > cdGix,y)". When X = Lp for some p > 1 we shall 
use the notation a* (G) = a\{G) (thus a](G) = a*(G)). 



'Research supported in part by NSF grants DMS-0528387, CCF-0635078 and CCF-0832795, BSF grant 2006009, and the 
Packard Foundation. 

'This assumption is not very restrictive, and in fact it is conjectured that if (G,dc) does admit a bi-Lipschitz embedding into 
Hilbert space then G must have an Abehan subgroup of finite index. We refer to If22l for more information on this conjecture and 
its proof in some interesting special cases. 
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When (X, II • ||x) is a Banach space one can analogously define the equivariant compression exponent of G in 
X, denoted tt^CG), as the supremum over a > for which there exists a G-equivarianH mapping i// : G ^ X 
satisfying lli^Cx) - >^{y)\\x > cdc{x,y)"'. We write as above ap{G) = a* (G) and a*(G) = a^C^)- Recall 
that G is said to have the Haagerup property if there exists an equivariant function tfr : G ^ L2 such that 
inf{||i/^(x) - i//iy)\\2 '■ dG{x,y) > t} tends to infinity with t. We refer to the book [TT] for more information 
on the Haagerup property and its applications. Thus the notion of equivariant compression exponent can be 
viewed as a quantitative refinement of the Haagerup property, and this is indeed the way that bounds on the 
equivariant compression exponent are usually used. 

The parameters a^(G) and a^(G) do not depend on the choice of symmetric generating set S, and are 
therefore genuine algebraic invariants of the group G. In f3l\ it was shown that if a*(G) > ^ then G is 
amenable. This result was generalized in 1441 . where it was shown that for > 1 if X is a Banach space 
whose modulus of uniform smoothness has power type p (i.e. for every two unit vectors x,y e X and t > 
we have ||x + Ty\\x + \\x - Ty\\x < 2 + ctP for some c > which does not depend on x,y, t) and a^(G) > ^ 
then G is amenable. It was also shown in pTI that if a*(G) > ^ then the reduced C* algebra of G is exact. 

Despite their intrinsic interest and a considerable amount of effort by researchers in recent years, the in- 
variants a^(G), a|(G) have been computed in only a few cases. It was shown in |3| that for any a e [0, 1] 
there exists a finitely generated group G with a*(G) = a. In light of this fact it is quite remarkable that, 
apart from a few exceptions, in most of the known cases in which compression exponents have been com- 
puted they turned out to be equal to 1 or 0. A classical theorem of Assouad |5 | implies that groups of 
polynomial growth have Hilbert compression exponent 1. On the other hand, Gromov's random groups |30 | 
have Hilbert compression exponent 0. Bourgain's classical metrical characterization of superrefiexivity im 
implies that finitely generated free groups have Hilbert compression exponent 1 (this interpretation of Bour- 
gain's theorem was first noted in 131]), and more generally it was shown in |13| that hyperbolic groups 
have Hilbert compression 1 and in [14] that so does any discrete group acting properly and co-compactly 
on a finite dimensional CAT(O) cubical complex. In ll54l it was shown that co-compact lattices in connected 
Lie groups, irreducible lattices in semi-simple Lie groups of rank at least 2, polycyclic groups and certain 
semidirect products with Z (including wreath productqj of finite groups with Z and the Baumslag-Solitar 
group) all have Hilbert compression exponent 1. The first example of a group with Hilbert compression 
exponent in (0, 1) was found in H, where it was proved that R. Thompson's group F satisfies a*{F) - ^. 
Another well-studied case is the wreath product Z ^ Z: in 1291 it was shown that a*(Z i Z) > and this 
lower bound was improved in [4] and independently in lISTl to a*(Z ^ Z) > Moreover it was shown in Pl 
that a*{ZlZ) < | and a combination of the results of IH and B4l . which established sharp upper and lower 
bounds on a*{Z i Z), respectively, settles the case of the Hilbert compression exponent of Z i Z by showing 
that a*(ZiZ) - | (nevertheless, the | upper bound on a*{Z I Z) from [4] has a special meaning which is 
important for our current work — we will return to this topic later in this introduction). More generally, it 

mapping i/^ : G — > X is called G-equivariant if there exists an action r of G on X by affine isometrics and a vector v e X 
such that tf/(x) = r(x)v for all x e G. Equivalently there exists an action ;7r on X by linear isometrics such that i/' is a 1-cocycle with 
respect to n (we denote this by 1^ 6 Z^{G,n)), i.e., for every x,y e G we have ij/i^y) = Jt{x)[l/(y) + tff(x). A key useful point here is 
that in this case \\if/(x) - i^Cy)||x is an invariant semi-metric on G. 

''The (restricted) wreath product of G with H, denoted G I H, is defined as as the group of all pairs (/, x) where f . H G 
has finite support (i.e. f(z) = eo, the identity element of G, for all but finitely many z e M) and x e H, equipped with the product 
(/, x)(g,y) := i-» xy^. If G is generated by the set 5 c G and H is generated by the setT Q H then GlH is generated 

by the set {(e^H, f) : f 6 T) U j(^j, e/y) : 6 5 ), where (5, is the function which takes the value s at and the value on H\ lejj]- 
Unless otherwise stated we will always assume that G I H is equipped with the word metric associated with this canonical set of 
generators (although in most cases our assertions will be independent of the choice of generators). 
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was shown in H4l that if we define recursively Zi = Z and Z(,t+i) = "^{k) ^ Z then a*(Z(,t)) - 2-21-* ■ f^T] 
it was shown that a* {C2 I Z^) = ^, where C2 denotes the cyclic group of order 2 (the lower bound of ^ was 
proved earlier in f54l). Finally, it follows from llUll?] that a*{C2 I Fn) = a*{C2 I F„) ^ \, where F„ is the 
free group onn > 2 generators (the upper bound of ^ on a*{C2 i Fn) is due to f44\ while the lower bound 
on a*(C2 I Fn)is the key result of ||2TI ). Many of the above results have (at least partial) variants for the Lp 
compression of the groups in question — we stated here only the case of Hilbert compression for the sake of 
simplicity, and we refer to the relevant papers for more information. 

The difficulty in evaluating compression exponents is the main reason for our interest in this topic, and 
our purpose here is to devise new methods to compute them. In doing so we answer questions posed 
in |[54> 441. One feature of the known methods for computing compression exponents is that they involve a 
novel interplay between group theory and other mathematical disciplines such as metric geometry, Banach 
space theory, analysis and probability. It isn't only the case that the latter disciplines are applied to group 
theory — it turns out that the investigation of compression exponents improved our understanding of issues in 
analysis and metric geometry as well (e.g. in [44J compression exponents were used to make progress on the 
theory of non-linear type). In the present paper we apply our new compression exponent calculations to the 
Lipschitz extension problem, and relate them to the Jones Traveling Salesman problem. These applications 
will be described in detail presently. 

In |[54l it was shown that for all J e N we have a* (C2 ^ Z^^ > 2- ^ different embedding yielding this lower 
bound was obtained in [44], together with the matching upper bound when d = 2. Thus, as stated above, 
a* (C2 I Z^^ = ^. In Section [3] we investigate the value of a*(G I H) when G is a general group and H is 
a group of polynomial growth. The key feature of our result is that we obtain a lower bound on a* (G I H) 
which is independent of the growth rate of H. In combination with the upper bounds obtained in 11441 our 
lower bound implies that for every p € [1, 00) and every group H of polynomial growth whose growth is at 
least quadratic we have: 

a;(Z?//)-a;(C2?//) = max|i,i|. (1) 

As we explain in Remark 1331 below, the embedding from [44] which yielded the identity a*2 {C2 i Z^) - j 
was based on the trivial fact, which is special to 2 dimensions, that for every A c Z^ of diameter D, the 
shortest path in Z^ which covers A has length at most O (o^)- It therefore turns out that the previous method 

for bounding a* ^C2 1 1,^^ yields tight bounds only when p = d = 2 (this is made precise in Remark [33] ). 
Hence in order to prove ([T|l we devise a new embedding which is in the spirit of (but simpler than) the 
multi-scale arguments used in the proof of the Jones Traveling Salesman Theorem |[36l (see also ll47l and 
the survey [i501 ). 

To explain the connection between our proof and the Jones Traveling Salesman Theorem take two elements 
{f,x),{g,y) in the "planar lamplighter group" C2 I Z^, i.e., x,y e 7? and f,g : Z'' — > |0, 1) with finite 
support. The distance between (/, x) and {g,y) in C2 1 1? is, up to a factor of 2, the shortest path in the 
integer grid l} which starts at x, visits all the sites w e Z^ at which f(yv) and g(w) differ, and terminates at 
y. Jones (361 associates to every set A c Qf diameter 1 a sequence of numbers, known as the (squares 
of the) Jones ^ numbers, whose appropriately weighted sum is (up to universal factors) the length of the 
shortest Lipschitz curve covering A, assuming such a curve exists. Focusing on our proof of the fact that 
a\ {C2 ^ Z^) = 1, in our setting we do something similar: we associate to every (/, x) e C2 ? Z^ a sequence 
of real numbers such that if we wish to estimate (up to logarithmic terms) the shortest traveling salesman 
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tour starting at x, ending at y, and covering the symmetric difference of the supports of / and g, all we have 
to do is to compute the norm of the difference of the sequences associated to (/, x) and {g,y). Since the 
statement a* {C2 I = 1 does not necessarily imply that C2 1 1? admits a bi-Lipschitz embedding into 
L\, our result falls short of obtaining a constant-factor approximation of the length of this tour, which, if 
possible, would be an interesting equivariant version of the Jones Traveling Salesman Theorem (note that 
if one wishes to estimate the length of the shortest Lipschitz curve covering the symmetric difference AaB 
for some A,B QM? one cannot "read" this just from the Jones numbers of A and B without recomputing 
the Jones yS numbers of AaB). In view of such a potential strengthening of the Jones Traveling Salesman 
Theorem, the question whether C2 11? admits a bi-Lipschitz embedding into L\ remains an interesting open 
problem that arises from our work (which currently only yields a "compression 1" version of this statement). 

In Section [6] we compute the Lp compression of Z i Z, answering a question posed in Il44l . Namely we show 
that for p € [1, 00) we have: 

a*JZlZ) = max\-^—,l\. (2) 



2p - 1 3 

The fact that a*p{Z I Z) is at least the right-hand side of ^ was proved in 1*445, so the key issue in ^ is to 
show that no embedding of Z ? Z can have a compression exponent bigger than the right-hand side of Q. 
We do so via a non-trivial enhancement of the Markov type method for bounding compression exponents 
that was introduced in |j61. In order to explain the new idea used in proving Q we first briefly recall the 
basic bound from [61. 

A Markov chain with transition probabilities atj := P(Z,+i = j \ Zt = i) on the state space {1, ...,«} is 

stationary if tt,- := P(Zf = /) does not depend on t and it is reversible if tt,- atj = ttj aji for every i,je {I,. . . ,n}. 
Given a metric space {X, dx) and p ^{\, 00), we say that X has Markov type p if there exists a constant K > 
such that for every stationary reversible Markov chain on { 1, . . . , «}, every mapping /:{ 1, ...,«) ^ X 

and every time ? e N, 

E[ Jx(/(Z,), /(Zo))^] < KP t E[ Jx(/(Zi ), /(Zo)F] . (3) 

The least such K is called the Markov type p constant of X, and is denoted Mp{X). This important concept 
was introduced by Ball in fSl and has since found a variety of applications in metric geometry, including 
applications to the theory of compression exponents f6','44]. We refer to [45 1 for examples of spaces which 
have Markov type p. For our purposes it suffices to mention that Banach spaces whose modulus of uniform 
smoothness has power type p have Markov type p fl3l . and therefore the Markov type of Lp, p e [1, 00), is 
min{;7,2}. 



In 11441 a parameter j3*(G) is defined to be the supremum over all /? > for which there exists a symmetric 
set of generators 5 of G and c > such that for all t eN, 

E[dG{W„e)]>ct'^, (4) 

where {VKJ^q is the canonical simple random walk on the Cayley graph of G determined by S , starting at 
the identity element ec- The proof in 161 shows that if (X, dx) has Markov type p and G is amenable then: 

a*yiG) < — i — . (5) 

In order to prove Q we establish in Section[5]a crucial strengthening of ([5]l. Given a symmetric probability 
measure ponG let {gk}'j^^i be i.i.d. elements of G which are distributed according to p. The //-random walk 
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{ IJ^Q is defined as = ec and = gig2 • • • g/ for ? e N. Let p be a left-invariant metric on G such that 
Bpiec, r) = {x e G : p{x, e) < r] is finite for all r > 0. Define p*p{G,p) to be the supremum over all /? > 
such that there exists an increasing sequence of integers and a sequence of symmetric probability 

measures {/^/tl^i on G satisfying 

e N I p{x,eGydiJ.k{x) < oo and lim (G \ {eo}) ) = °°- (6) 

such that for all A; e N, 

In Section [5] we show that if G is amenable, p is a left-invariant metric on G with respect to which all balls 
are finite, and (X, dx) has Markov type p, then: 

p(Sp{G,p) 

where a^(G,p) is the supremum over all a > for which there exists a p-Lipschitz map f : G ^ X which 
satisfies dx{f{x),f(y)) > cp{x,yy (we previously defined this parameter only when p - do). We refer to 
the discussion in Section|5]for more information on the parameter /3*,{G,p). At this point it suffices to note 
that P*p{G, do) > li*{G), and therefore (|7]l is stronger than since we now consider a variant of (01) where 
the walk can be induced by an arbitrary symmetric probability measure, and the measure itself is allowed 
to depend on the time t. It turns out that dV]) is a crucial strict improvement over Q, and we require the 
full force of this strengthening: we shall use non-standard random walks (i.e., not only the canonical walk 
on the Cayley graph of G), as well as an adaptation of the walk to the time t in in addition to invariant 
metrics p other than the word metric dQ. 

We establish © by showing that for every e [1, 2) we have J3*p{ZlZ, dziz) = ^ > | ^ /3*{ZlZ) (it follows 
in particular that ^ is indeed strictly stronger than Note that ZiZ is amenable and Lp has Markov type p, 
so we are allowed to use d?])). This is achieved by considering a random walk induced on ZlZ from a random 
walk on Z whose increments are discrete versions of ^-stable random variables for every q> p. We refer to 
Section[6]for the details. We believe that there is a key novel feature of our proof which highlights the power 
of random walk techniques in embedding problems: we adapt the random walk on G to the target space 
Lp. Previously HTl l9l l45l l6l |44]| Markov type was used in embedding problems by considering a Markov 
chain on the space we wish to embed which arises intrinsically, and "ignored" the intended target space: 
such chains are typically taken to be the canonical random walk on some graph, but a different example 
appears in LQJ, where embeddings of arbitrary subsets A of the Hamming cube (|0, 1)", || • ||i) are investigated 
via a construction of a special random walk on A which captures the "largeness" of A. Nevertheless, in all 
known cases the geometric object which was being embedded dictated the study of some natural random 
walk, while in our computation of a* (Z I Z) the target space Lp influences the choice of the random walk. 

Recall that we mentioned above that prior to Q the best known upper bound El on a*{Z I Z) was |. An 
inspection of the proof of this bound in [4l reveals that it considered only points in the normal subgroup of 
Z I Z consisting of all configurations where the lamplighter is at 0, i.e., the zero section ofZlZ: 

(Z I Z)o :^ {(/, x) € Z ^ Z : ;c ^ 0) < Z ^ Z. 

Thus m actually establishes the bound a* ((Z I Z)o,dziz) ^ |- More generally, an obvious variant of the 
proof of this fact in [4] (see Lemma 7.8 in BH) shows that for e [1, 2] we have a* ((Z i Z)o, dza) ^ 
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Here we show that 

a*p((ZlZ)o,dziz) = maxi^^^,^y (8) 

An alternative proof of the fact that the right-hand side of ^ is greater than a* ((Z ? Z)o, t/z(z), which 
belongs to the framework of (O, is given in Section |7j where we show that for every p e [1,2] we have 
jS* ((Z I Z)o,<iz(z) - The heart of ^ is the construction of an embedding into Lp of the zero section 
(Z I Z)o which achieves the claimed compression exponent. This turns out to be quite delicate: a Fourier 
analytic argument establishing this fact is presented in Section |4] 

It is worthwhile to note at this point that in all of our new compression computations, namely ([T|l, Q 
and Q, we claim that for some group G equipped with an invariant metric p and for every p e [2, oo) we 
have a*p{G,p) = a*2{G,p). This is true since because L2 is isometric to a subset of Lp we obviously have 
a*p{G,p) > a2iG,p). In the reverse direction, all of our upper bounds on Lp compression exponents are 
based on (|7]l, and since both L2 and Lp have Markov type 2 [45] the resulting upper bound for Lp coincides 
with the upper bound for L2. For this reason it will suffice to prove aU of our results when p e [1,2]. 

In Section [8] we apply the fact that a* ((Z i Z)o, dza) a*{Zl Z) to the Lipschitz extension problem. This 
classical problem asks for geometric conditions on a pair of metric spaces (X, dx) and (7, dy) which ensure 
that for any subset A Q X any Lipschitz mapping / : A — > 7 can be extended to all of X. Among the 
motivating themes for research on the Lipschitz extension problem is the belief that many classical exten- 
sion theorems for linear operators between Banach spaces have Lipschitz analogs. Two examples of this 
phenomenon are the non-linear Hahn-Banach theorem (see for example ll56l [TOl ). which corresponds to 
extension of real valued functions while preserving their Lipschitz constant, and the non-linear version of 
Maurey's extension theorem f8ll45|. It turns out that our investigation of the Hilbert compression exponent 
of the zero section of Z ^ Z implies the existence of a Lipschitz function f : (Zi Z)o L2 which cannot be 
extended to a Lipschitz function defined on all of Z ? Z. For those who believe in the above analogy between 
the Lipschitz extension problem and the extension problem for linear operators this fact might seem some- 
what surprising: after all H = (Zl Z)o is a normal subgroup of G = ZlZ with G/H = Z, so it resembles 
a non-commutative version of a subspace of co-dimension 1 in a Banach space, for which the Lipschitz 
extension problem is trivial (again by the Hahn-Banach theorem). Nevertheless, the analogy with Banach 
spaces stops here, as our result shows that the normal subgroup H sits in G in an "entangled" way which 
makes it impossible to extend certain Lipschitz functions while preserving the Lipschitz property. 

To explain the connection with the Lipschitz extension problem take : {Zl Z)o — > L2 which is 1 -Lipschitz 
and ||(A(;c) - ^|J(y)\\2 > cdza{x,yfl'^ for all x,ye{Zl Z)o, where c > is a universal constanj^ We claim that 
lp cannot be extended to a Lipschitz function T defined on all of Z^Z, so assume for the sake of contradiction 
that *F extends if/ and is Lipschitz. To arrive at a contradiction we need to contrast the | lower bound on the 
compression exponent of ifj with the Markov type 2 proof of the fact that *F cannot have compression larger 
than I from [6]. Let { be the canonical random walk on Z ? Z starting at the identity element. Writing 
- ift^ Xf) e ZlZ one can see that with high probability \xt\ < ^ft, while the distance between Wt and 
the identity element is > pl^. The fact that L2 has Markov type 2 and *P is Lipschitz says that we expect 
||^(W,) - ^(Wo)||2 to be < Vf. But, if we move W, to its closest point in the zero section (Z I Z)o then the 
image under ^ will (using the Lipschitz condition) move < ^^t. Using the compression inequality for we 

deduce that for large enough t we have > W{Wt) - ^(lVo)ll2 > {t^''^) = t"^'^^, which is a contradiction. 

''It isn't quite accurate that the fact that a' ((ZtZ)o, dza) = | implies the existence of such a function 1^, since all we are 
assured is a compression exponent lower bound of | - e for all e > 0. This is immaterial for the sake of the argument here in the 
introduction — a precise proof is given in SectionjHj 
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This argument is, of course, flawed, since we are allowed to use the fact that L2 has Markov type 2 only 
for Markov chains which are stationary and reversible, and this is not the case for the canonical random 
walk starting at the identity element. Nevertheless, this proof can be salvaged using the same intuition: in 
Section [8] we consider a certain finite subset of Z ^ Z which lies within a narrow tubular neighborhood of 
(Z i Z)o. We then apply the same ideas to the random walk obtained by choosing a point in this subset 
uniformly at random and preforming a random walk on the subset with appropriate boundary conditions. 
We refer to Section[8]for the full details. It is perhaps somewhat amusing to note here that while the notion of 
Markov type was introduced by Ball [8] in order to prove an extension theorem (Ball's extension theorem), 
here we use Markov type for the opposite purpose — to prove a non-extendability result. 

Thus far we did not discuss the relation between the parameters a^(G) and a^{G) for some Banach space 
X. This is, in fact, a subtle issue: it is unclear when a^(G) = a^{G). Since for every p e [1, 00) the free 
group F„ on « > 2 generators satisfies a*(F„) = 1 yet ck*(F„) = maxj^, ^| (see fST, "441) it follows that 
the compression exponent and equivariant compression exponent can be different from each other, while in 
many cases we know that these two invariants coincide: for example a* (C2 ^ F„) = a*(C2 1 Fn) = max {^,5} 
(see f2T\ |44|| ). A useful result of Aharoni, Maurey and Mityagin fll for Abelian groups, and Gromov 
(see fT2\) for general amenable groups, says that for any amenable group G we have a^iG) = a^C^^)- This 
is an obviously useful fact (examples of applications can be found in f22'. ITll): for example in f44\ it was 
shown that if X is a Banach space whose modulus of uniform smoothness has power type p then for every 
finitely generated group G we have: 

4(G) < — . (9) 
p/i*(G) 

The bound Q implies the bound Q when G is amenable and X is Hilbert space due to the above reduction 
to equivariant mappings for amenable groups and Hilbertian targets. At the time of writing of B4l it was 
unclear whether Q implies (|5]l in general, since an Aharoni-Maurey-Mityagin/Gromov type result was not 
known in non-Hilbertian settings. In Section |5] we further improve Q by showing that if X is a Banach 
space whose modulus of uniform smoothness has power type p then: 

In Section|9]we show that for every p e [1, 00) if G is an amenable group and X is a Banach space then there 
exists a Banach space Y which is finitely representabl^ in {p{X) and 

4(G)>ai(G). (11) 

Moreover, if X = Lp then we can also take Y = Lp in (fTTI ). and thus or* (G) = a*(G) when G is amenable. 
Note also that if X has modulus of uniform smoothness of power type p then so does £p{X), and hence so 
does Y. Therefore by virtue of (fTTI) the inequalities ^ and (fTOl) are indeed stronger than the inequalities ^ 
and (|7]) in full generality. 

We end this introduction by commenting on why so much of the literature (and also the present paper) 
focused on compression exponents of wreath products. The obvious answer is that groups such as Z i Z are 
among the simplest examples of groups for which it was unknown for a long time how to compute their 
compression exponents. As it turns out, understanding such groups required new ideas and new connections 



Banach space U is said to be finitely representable in a Banacii space V if for every e > and every finite dimensional 
subspace F QU there is a linear operator T : F — » V such that for every x 6 F we have \\x\\ij < < (1 + £)||x||y. 



7 



between geometric group theory and other mathematical disciplines. But, there is also a deeper reason 
for our interest in embeddings of wreath products. Kazdan's example |38| (see also [23]) of l} x SL2iZ) 
shows that there can be two groups, each of which has positive equivariant compression exponent, yet their 
semidirect product fails to have a positive equivariant compression exponent, and even fails the Haagerup 
property. It seems challenging to characterize which semidirect products preserve the property of having 
positive compression exponents, and wreath products, as examples of semidirect products, are a good place 
to start trying to understand this fundamental question. The literature on compression exponents of wreath 
products shows that in many cases this operation preserves the property of having positive compression 
exponent, but we do not know if this is always true, even for amenable groups: the simplest such example 
is the groups C2 I (C2 I Z) for which we do not know if it has positive Hilbert compression exponent, even 
though both C2 and C2 I Z have Hilbert compression exponent 1 . 

2 Preliminaries 

In what follows we fix two groups G and H, which are generated by the symmetric finite sets Sq and S h, 
respectively. The corresponding left invariant word metrics will be denoted do and dn, respectively. The 
canonical generating set of the wreath product G I H is 



where . H ^ G denotes the constant function and for y € G the function Sy : H ^ G takes the value 
y at en and the value en elsewhere. 

Given a function f : H ^ G we denote its support by supp(/) := {x e H : f{x) cg)- For a finite subset 
A Q H and x,y e H we let TSP(A; x,y) denote the length of the shortest path in H which starts at x, covers 
A, and terminates at y, i.e.. 



where : // — > C2 denotes the constant function. Following [44 1 we let ^ciH) denote the wreath 
product of G with H where the set of generators of G is taken to be G \ {ec) (i.e. any two distinct elements 
of G are at distance 1 from each other). In other words, the difference between ^q{H) and the classical 
lamplighter group C2 ^ // is that we allow the "lamps" to have G types of different "lights", where the cost 
of switching from one type of light to another is 1 . Thus, with this definition it is immediate that for every 



{f,x),{g,y)e^G{Z)wt have 
d^omiil, X), {g,y)) = dc,>H ((V'supp(/g-')'3'"'^)' (0, 0)) = |supp (fg-')\ + TSP(supp (fg'') ■x,y). (12) 



Moreover, distances in the wreath product GlH, equipped with the canonical generating set, can be computed 
as follows: 





dnixj, Xy+i) : ^ e N, x - xq, . . . , x^ = y ^ H A A Q {xq, . . . , x^} 



Thus 



|A| + TSP(A, x,y) = dc,iH ((Vu,)'"'^) , (0, 0)) , 




(13) 



8 



The following lemma generalizes Lemma 3.1 in (44), which deals with the special case // = Z (in which 
case the proof is easier). 

Lemma 2.1. Assume that G contains at least two elements. Then for any p > \ we have 

Proof. Obviously or* (J^'dH)) < a*p (C2 I H), since ^g{H) contains an isometric copy of C2 i H. To prove 
the reverse direction we may assume that a* (C2 I H) > 0. Fix < o- < a* (C2 i H) and a mapping 
: C2 ? Z — > Lp satisfying 

(/, X), {g, y)eC2lH ^ dcMiL x), (g, y))" < \\e(f, x) - G{g, y)\\p < dcM(L x), (g, y)). (14) 

Let {£z}zeG\{eo\ be i.i.d. {0, l)-valued Bernoulli random variables, defined on some probability space (Q, P). 
For every f . H ^ G define a random mapping ey : // ^ C2 by 

We now define an embedding F : ^ciH) Lp{Q., Lp) by 

F{f,x) := e{sf,x). 

Given (/, x), (g,y) € G I H denote A :- supp {fg~^) = {z € H : f{z) + g{z)\. We also denote by Ae c // the 
random subset supp(e/ - Sg). By definition c A, so that TSP(A£; x,y) < TSP(A; x,y). Hence: 



\\F{f,x)-F{g,y)\f 



Lp(n,L,,) 



\Q(,Ef,x) - e(£g,y)||j;] 1* E[jc2*//((e/,^),(e,,y)f ] 

= E [TSP(A,; x,yr\ < E [TSP(A; x^yf\ ^ ^/^e(Z)((/> x\ {g,y)Y . 

In the reverse direction, observe that 

TSP(A; x,y) < 2TSP(A£; x,y) + TSP(A \ A^; x,y\ (15) 

since given a path y that starts at x, ends at y, and covers Ag, and a path 5 that starts at x, ends at y, and covers 
A \ Ae, we can consider the path that starts as y, retraces y's steps from y back to x, and then continues as 5 
from X to y. Hence, 

^i?^o(Z)((/, X), (^,3^))"" ^ TSP(A; x,);)'"' 9 TSP(A,; x,yT + TSP(A \ A,; x,yr. (16) 

But by the symmetry of our construction the random subsets Ae and A \ Ag are identically distributed. So, 
taking expectation in ([T6l ) we see that 

d^oiZ)iif,x),{g,y)r < E[TSP(A,;x,3;)P"] = E [^/c2»//((e/, ^), (^,3')^] 

? E [msf, X) - 9{Eg,y)\fp] = \\F{f, X) - F{g,y)\\l^^^j^^^y 
Thus G I H embeds into Lp(Q., Lp) with compression a, as required. □ 
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A combination of Lemma [2?T] and Theorem 3.3 in B4l yields the following corollary: 
Corollary 2.2. Let G, H be nontrivial groups and p > 1- Then 

pa;{G)a;{C2lH) 



min [ap(G), ap(C2 I H)] > - ^ a^iG I H) > 



pa*p{G) + pa*p{C2lH)-V 



and 



min [ap{G), Upid ' ^)) ^ ^ ^ I H) > min {a^CG), a;(C2 I H)] . 

We end this section with a simple multi-scale estimate for the length of traveling salesmen tours (see for 
example (5T\ for a similar estimate). For r > and x e H we let Bnix, r) := {y e H : dHix,y) < r] be the 
closed ball centered at x with radius r. For a bounded set A c H and r > we let N{A, r) be the smallest 
integer « e N such that there exists xi , . . . , x„ e H for which A c [J^J^^^ BHixm,r). Finally, for ^ > let 
TSPf(A) denote the length of the shortest path starting from e//, coming within a distance of at most 2^"^ 
from every point in A, and returning to en, i.e. 

(k~i k 
^ duixj, xy+i) : € N, e// = xo, . . . , x^ = e// € //, A c IJ [xj, 2^"^) j 
7=0 y=o 

Thus TSP(A) := TSP(A; ^ TSPo(A) = dc,jH{{iA,eH),{0,eH)) is the length of the shortest path 
starting from en, covering A, and returning to en- We shall use the following easy bound, which holds for 
every A:,^€NU{0|: 

k 

AcBh (en, 2*^) =^ TSPf(A) < 3 J] (a, V-') . (17) 

j=e 

The inequality (fT/] ) is valid when ^ > + 1 since in that case TSP/(A) = 0. Now (fTTl ) follows by induction 
from the inequality TSPf_i(A) < TSPf(A) + 3-2^"^A'^^A, 2^"^). This inequality holds true since we can take a 

set C c // of size (a, 2^'^) such that U.vec {^^ 2^"^) 2 A, and also take a path T c // of length TSP^A) 
which starts from en, comes within a distance of at most 2^~' from every point in A, and returns to en- If 
we append to F a shortest path from each x € C to its closest neighbor in F (and back) we obtain a new path 
of length at most TSPf(A) + 2 (2^"^ + 2^"^) |C| < TSP^A) + 3 • 2^"HC| which starts from en, comes within 
a distance of at most 2^^"^ from every point in A, and returns to en, as required. 



3 Wreath products of groups with polynomial growth 

The goal of this section is to prove the following theorem: 

Theorem 3.1. Let G, H be nontrivial finitely generated groups, and assume that H has polynomial growth. 
Then for every p e [1,2] we have 

a*p{G I H)> min 1^, a piG)y (18) 
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In particular, if the growth rate ofH is at least quadratic then for every p e [1,2] we have 

a*p{ZlH) = a*p{C2lH) - -. 



(19) 



Proof. We shall first explain how to deduce the identity ( [T9l ). The lower bound or* (Z I H) - a* (C2 I H) > 
is a consequence of (fTSl) . Since for p e [1,2] the Banach space Lp has Markov type p (see [8J), the result of 
Austin, Naor and Peres ^ implies that a*p{G I H) < j^^r^Q^y But, as we proved in B4l . since the growth of 
H is at least quadratic we have IT{G I H) - \. 

To prove (IT8] ) note that by Corollary I2.2l it is enough to show that 

aJC2lH)>-. (20) 
' P 

Recall that for r > and x e H v/e let Bnix, r) := {y e H : dH{x,y) < r) be the closed ball centered at x 
with radius r. Assume that H has polynomial growth d, i.e., that for every r > 1 we have 

a/ <\BH{e,r)\<b/ (21) 

for some a,b > which do not depend on r. We shall show that for every \ < p <2 and e e (0, 1//?) there 
is a function F : C2IH ^ Lp such that for all (/, x), {g,y) e C2 i H we have 

dcMif, X), ig,y))''~' < \\Fif, X) - F{g,y)\\p < dcMif^ (g^y)l (22) 

where here, and in the remainder of the proof of Theorem 13. 1[ the implied constants depend only on 
a, b, p, d, s. Moreover, we will show that we can take e = in (l22l) if (H, du) admits a bi-Lipschitz em- 
bedding into Lp. Note that (|22)) implies also the case p - \ of Theorem 13.11 since Lp is isometric to a 
subspace of L\ for all 7? € (1, 2] (see e.g. p56l|). 

Let Q be the disjoint union of the sets of functions / : A — > C2 where A ranges over all finite subsets of H, 

Q := U 

ACH 

\A\<oo 

We will work with the Banach space ^oo(f^), and denote its standard coordinate basis by 

jv/ : f:A^C2, ACH, \A\ < oo|. 

Fix a 1-Lipschitz function (p : [0, 00) [0, 1] which equals on [0, 1] and equals 1 on [2, 00). For every 
(/, x)eC2lH define a function »Po(/, x) € C(n) by 

T.,/,.):=|;2-""^24^)"/W, (23) 

We shall first check that *Fo - *l'o(0, en) e Z^{H, n) for an appropriately chosen action n of C2 i H on €p{0.). 
Recall that the product on C2 ? // is given by (/, x){g,y) = (/ + T^ig), xy), where Tx{g){z) '■- g {x~^z). Given 
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(/, x) e C2iH and a finite subset Ac// define a bijection rf^. '■ ^ C^^ by T^f^-^ih) := / + Tjt{h). Note 



that for all (/, x), {g, y) e C2I H and every finite A c // we have 



_A _ VA A 

M/,^)(g,.v) - ^/,.r) ° Mg.v)- 



(24) 



Hence if we define 



7T{f,x) 



|A|<c» 



\A\<oo 2 



then TT is a linear isometric action of C2 i H on ip{Q.) for all p € [l,oo] {n{f,x) corresponds to a per- 
mutation of the coordinates and hence is an isometry. The fact that n{{f, x){g, y)) = n{f, x)n{f, y) is an 
immediate consequence of (l24l)). The definition (|23] ) ensures that for every {f,x),{g,y) € C2 ^ // we have 
*^'o((/, y)) - 7r(/, x)^o(^, 3'). Hence, if we define ^(/, x) - »Po(/, ^) - *Po(0, e// ) then >F e Z^//, /r). 



Note that^(0,e//) ^ and 

CO 



k=0 



yeBHiena'') ^ 



(dH(eH,y) 



2k 



0, 



where we used the fact that (p{t) = for f e [0, 1]. Moreover, for every 5 e 5// we have 



\mo,s] 



CO 



k=0 yeH 
2-(d-\)k 



(dH{s,y)\ (dH{eH,y) 



Z 



k=0 yeH 

2*-l<rf«(e«,v)<2*+'+l 



(dH{s,y)\ ldH{eH,y) 



< ^ 2-(^-')'^ • T^P \[yeH: t-l< dH{eH,y) < 2^^^ + 1 



k=0 



k=0 

CO 

*:=() 

Where we used the fact that p > I. Since ^ is equivariant and the set U {{0,s) : s e S h) 

generates C2 I H, we deduce that 



ll^llup < 1. 



(25) 



Suppose now that f : H ^ C2 and let m e N be the minimum integer such that supp(/) c B//(g//, 2'")- 
Then 



k=0 



-(d~l)k 



z ^ 

yeH 

/l'%(y,2*)*''l~%(>'.2*) 



l dH(eH,y )Y 
\ 2^ 



> Z 2"^^"'^' \{y^H: dH{eH,y) > 2^^' A supp(/) n B//(j,2'^) ^ 0)| . (26) 
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Fix A: < m - 3 and denote n = N (supp(/), 2^^"!). Let xi , . . . , x„ e // satisfy 

n 

supp(/)cyB^(x,-,2'=-i). (27) 



(=1 



By the minimality of n we are ensured that the balls |B//(x,, 2^^ ^)} -i disjoint and that there exists 
ji € 5^(xi,2^-i) n supp(/). Write 

/ := j/ € 1 1, . . . , «) : dH(y, en) > 2*^+' Vy € Bh (x;, 2^-^) j _ 

Note that if / € / and y e Bh (x,-, 2*^"^) then duiyuy) < dniyi, x,) + <i//Cy, x,) < 2*^"^ + 2*"^ < 2*. Thus in this 
case supp(/) n ^//(y, 2*^) ?t and therefore 

e // : ^///(^'//, J) > 2'^' A supp(/) n Bniy, l') + 0)| > |/| \Bn [en, 2*^-')| > t''\lV (28) 

We shall now bound |/| from below. By the minimality of m there exists z e supp(/) such that dE{eH,z) > 
2'""'. By dill) there is some / e{\,...n} for which <i//(z, x,) < 2''~\ \iy e B//(x,-, 2*^"^) then 

^///(j,e/f) > dH{eH,z) - dH{z,Xi) - dH{xi,y) > 2'"-' - 2^"^ - 2^"^ > 2*^+1, 

since by assumption k < m - 3. This shows that |/| > 1. Write J := {I, . . . ,n} \ I. For each / e J there 
is some y e B// (x,-, 2*^-^) for which dH{eH,y) < 2^^K Hence B// (x,-, 2^-2) c BH[eH,2^*^). Since the balls 

|B// (x,-, 2*^"^^} are disjoint it follows that 



Thus n - |/| = |/| < 1, which implies that |/| > n. Plugging this bound into (1281 ) we see that for every 
/c < m - 3 we have 

\yeH: dH{eH,y) > 2*^"^' A supp(/) n ^^(j, 2*^) ^ 0)| > 2*^''A^(supp(/), 2^-^) . 
In combination with ( |26l ) we see that 

m-3 m-3 

W(f,eH)fp >Y,^-^'~'^'-2''N(suwif),2'-') = ^ 2*^A^(supp(/), 2^-1) . (29) 

<:=0 k=0 

We claim that 

m-3 



|supp(/)| + 2] 2'^A^ (supp(/), 2'"') > dcMif^ ^h), (0, en)). (30) 

*:=0 

Indeed, by combining dlT] ) (with ^ = 0) and ( [T3l) we see that 

m 

Isupp(/)| + (supp(/), 2^^-!) > dcMif^ en), (0, eu)). (31) 



A:=0 
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To check that (1311 impUes (l30l ) note that is is enough to deal with the case supp(/) 4^ 0, and that the 
fact that supp(/) c B// (e//, 2™), combined with the doubling condition for {H,du), implies that for k e 
[m - 2,m - l,m] we have A'^^supp(/),2*^~') < 1. Thus (|3TI ) implies (l30l ) by inspecting the cases m < 3 and 
m > 3 separately. 

Fix E € (0, 1). By Assouad's theorem |5| (see also the exposition of this theorem in |[33l ). since H has 
polynomial growth, and hence is a doubling metric space, there is a function 6 : H ^ Lp such that for all 
x,y € H we have 

dH{x,y)'-' < \\9{x) - 9(y)\\p < dH{x,yf-' < dH{x,y). (32) 

By translation we may assume that Oien) = 0. We can now define our embedding 

F :C2lH ^ ipiO) ® €p{H) ® Lp 

byF = *F®/®0 (here we identify a finitely supported function / : // ^ C2 as a member of R^, and hence 
a member of £p{H)). Then ||F||Lip ■- L < 1. Thus in order to prove (l22l ). and hence to complete the proof of 
Theorem l3.1[ it remains to show that for all (/, x) e C2 i H we have 

dcMiL (0, eH))^'-'^'" < WFif, X) - F(0, eH)\\p = (mf, x)\fp + |supp(/)| + mx)fpf''' . (33) 
A combination of (l29l) and (l30l) implies that there exists 77 > which depends only on a, b, d, p, s such that 

ridcMif^eH),{^,eH))"'' < {p>{f,eH)fp + |supp(/)|)'^^ = \\Fif,eH) - FiO,eH)\\p. 

Heme 



WFif, X) - f (0, eH)\\p > WFif, en) - f (0, eH)Wp - WFif, x) - Fif, eH)W 



provided that 



p 

> idc^miif, en), (0, eH)f''' - Ldnix, en) 

> 7] [max {0, dc^miif, x), (0, eu)) - dc^miif, x), if, en))]]^''' - Ldnix, en) 
= 77 [max |0, dc^iniif, x), (0, en)) - dnix, e//)}] - Lduix, en) 

> \dcMif^^\i^^eH))"' 

> IdcMif^^U^^en))''-'"", 



dnix, en) < min \ ^dcMif^ (<>, en))"", ^cMif' x), (0, en)) \ ■ (34) 



But if (O fails then dnix, en) > dciiuiif, x), (0, eH)f''', in which case we can use (1321 ) to deduce that 

Weix)Wp > dHieH,xf-' > dcMif^^)^i^^eH)f~"^''\ 
which implies ([33] ) and concludes the proof of (l22l ). □ 



Remark 3.2. Since the only reason for the loss of e in (|22]) is the use of Assouad's embedding in (1321 ) we 
see that if > 1 and (//, dn) admits a bi-Lipschitz embedding into Lp and has at least quadratic growth then 
a* (C2 lH) = ^ h attained. < 
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Remark 3.3. In ||44]| it was shown that □'2(^2 ^ Z^) > ^ via an embedding which we now describe. We 
are doing so for several reasons. First of all there are some typos in the formulae given for the embedding 
in ISl and we wish to take this opportunity to publish a correct version. Secondly the embedding was given 
in ||44| without a detailed proof of its compression bounds, and since it is based on a different and simpler 
approach than our proof of Theorem 13.11 it is worthwhile to explain it here. Most importantly, there are 
several "coincidences" which allow this approach to yield sharp bounds on Qf*(C2 ^Z^) only when p - 2 and 
d = 2, and we wish to explain these subtleties here. We will therefore first describe the embedding scheme 
in 151 for general p e [1,2] and d > 2 and then specialize to the case p = d = 2. 

Let {vv,r,^> : y £ Z^, r € N U {0), g : y + [-r, rY |0, 1)| be a system of disjoint unit vectors in Lp. Fix a 
parameter 7 > which will be determined later and define for every (/, x) e C2 ^ Z'^ a vector F{f, x) = 
Foif, x) - Fo(0, 0) e Lp, where 



yel 



One checks as in the proof of Theorem 13.11 that F is equivariant with respect to an appropriate action of 
C2 I Z"' on Lp. Moreover, one checks that ||7^(lo, 0)||p < 1 and that for x € {(±1, 0), (0, ±1)) we have 

{\+r)P 



veZ''re[0,l+||.y|U/2]^^ "-^""^ ' r=0 feO |[v||„=<: ^ 



where in ([35]) we need to assume that 



yt)(3+r)P 

,1 Vlloo— 

/t>2(r-l) 

<y,py_^__< y^_<oo, (35) 

r=\ k>r ^ ' )-=() 

d-\-\- p 

7 > -. (36) 

P 

It follows that as long as (l36l ) holds true F is Lipschitz. 

For the lower bound fix (/, x) e €2^ Z'^ such that f i= Q and let 7? > be the smallest integer for which there 
exists z £ supp(/) such that ||z - ;c||oo = R, i.e., R is the smallest integer such that supp(/) c x + [-R,RYK 
Note that for every y eZ'^ such that \\y - z\\co e [0, R] and every r e [\\y - zlU, (l+R-Wy- z||oo)/4] we have 
z e y + [-r, ff , and hence supp(/) (^{y + {-r, rY^ + 0, and \(y - x||oo >R-\\y- zlU, which imphes that 

4=0 yeZ'' re[<:,(l+R-A:)/4] ' ' 

ll)'-zlU=4 

> y (1+^^-1). ^+^-^^ \ ->/^^+l-r/^ (37) 

ke[0Xl+R)/5] ^ ^ ' ' 

Note the trivial bound: 

TSP(supp(/); X, x) < TSP [x + [-/?, Rf; x, x) < Rf' . (38) 
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Assuming also that y < ^y- we see that a combination of ([37] ) and ([38] ) impUes that: 

\\Fif, x)\\p > TSP(supp(/); X, x)^ . (39) 
Hence if we define "^{x) - x® F{x) e {p® Lp we get the lower bound 

d+l--yp d+\-yp 

\mf, x)\\p > \\x\h + TSP(supp(/); X, x)^ > {dj^,{x, 0) + TSP(supp(/); x, x))^ 

d-^-X—yp 

>(dc,a,{{f,xU<imy^ . (40) 

Letting y tend from above to "^^^ ^ in (l40l) we get the lower bound 

ap(C2lT')>^-. (41) 

While (|4TI ) reproduces the result of ||54l , it yields the sharp bound a* {C2 I = ^ only when p - d - 2, 
in which case the above embedding coincides with the embedding used in Il44ll . This is why we needed to 
use a new argument in our proof of Theorem l3.1l Note that if one attempts to use the above reasoning while 
replacing the group Z'^ by a general group H of growth rate d one realizes that it used the bound 

IBnien, r+l)\- IBnien, r)\ ^ /-\ (42) 

Unfortunately the validity of (l42l) is open for general groups H of growth rate d. To the best of our knowledge 
the best known general upper bound on the growth rate of spheres is the following fact: there exists y6 > 
(depending on the group H and the choice of generators) such that for every r € N we have 

\BH{eH, r + 1)1 - \BH{eH, r)\ < Z"^. (43) 

This is an immediate corollary of a well known (simple) result in metric geometry: since \Bu{e, r)\ x the 
metric space {H, dn) is doubling (moreover, the counting measure on H is Ahlfors-David J-regular. See ||33]| 
for a discussion of these notions). By Lemma 3.3 in ifTSl (see also Proposition 6.12 in ITSl ) if {X,d,p) is a 
geodesic doubling metric measure space then for all x € X, r > and 5 e (0, 1) we have 

p {Bx{x, r) \Bx{x,{l-6)r))< {Idf^i {Bx{x, r)) , (44) 

where y6 > depends only on the doubling constant of the measure p (see |[T8l ITSl for a bound on yS. In p6| 
it is shown that the bound on /? from ifTSl ITSll is asymptotically sharp as the doubling constant tends to 
oo). Clearly (|44l) implies (1431 ) if we let p be the counting measure on H and 6 - -. While it is natural 
to conjecture that it is possible to take yS = 1 in (|43] ). this has been proved when // is a 2-step nilpotent 
group [■53,1 . but it is unknown in general. < 

4 The zero section of Z ^ Z 

This section is devoted to the proof of the following theorem: 
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Theorem 4.1. Let (Z I Z)o be the zero section ofL I Z, i.e. the subset ofZ i Z consisting of all (/, x) e Z ? Z 
with X = 0, with the metric inherited from Z I Z. Then for all p e [\,2] we have 

* p + I 

a ((Z I Z)o, dziz) = — • 



Proof. The fact that a* ((Z ? Z)o, t/z(z) ^ ^ follows from a variant of an argument from — see Lemma 
7.8 in ||44| . We present an alternative proof of this fact in Section |7] below. 

Fix e € (0, 1). In [44] we have shown that there exists a function Fq : Z I Z ^ Lp such that the metric 
\\Fo(f,xi) - {fi, X2)\\p is Z I Z-invariant and for all {f,x)eZlZ we have 



-|(l"e)P 



2 \fur 



+ max 



(l-£)p 



: fix + j) tO]< ||Fo(/, X) - Fo(0, 0% < dziziif, x), (0, 0))^ (45) 



where here, and in what follows, the implied constants depend only on p and e. We note that while (1451) was 
not stated as a separate result in ll44l . it is contained in the proof of Theorem 3.3 there — see equation (28) 
in f44\ with a = I and b = I - s. Alternatively (1451 ) is explained in detail for the case p = 2m Remark 2.2 
of 1 6] — the same argument works when we replace in that proof by Lp and let a be arbitrarily close to 
(p - 1)1 p (instead of arbitrarily close to 1/2). 

Let {ejxe ■ j, k,£ eZ] be the standard basis of {p{Z x Z x Z). For every (/, 0) e (Z ^ Z)o define 



Our embedding of (Z ^ Z)o will be 



2ik+(p-m/p 



t=l k=0 jeZ 

li|e[2f-i-l,2f-l) 



2mfU)\ 



F :^ F() ® <D e (piZ x Z x Z) ® Lp. 

Observe that for every (/, 0), {g, 0)e{Zl Z)o we have ||0(/, 0) - 0(^, 0)||p - ||0(/ - g,0) - <D(0, 0)||p, so it 
will suffice to prove the required compression bounds for \\F{f, 0) - F{g, 0)\\p when g = 0. 

From now on we shall fix (/, 0) e (Zl Z)q. For every €,m eZ denote 

E{i,m) = [j :e Z : \j\ € [2^"' - 1,2^ - 1) a \fij)\ e [2'",2'"+i)j . 
We also write M := maxdj] : /(j) 0}, so that 



^/zffi((/,0),(0,0))xM + 



M + Y, l/0')l ^ ^ + Z Z 2'"!^^^' '"^I- 

jeZ f=l m=0 



Now, 



||cD(/,0)-cl)(0,0)||^-££ 2] 



f=l k=Q jeZ 

li|s[2'-i-l,2«-l) 



2*:+(p-iy 
(it + \)P 



1 - exp 



27r//(j) \ 
2*^ ) 



^=1 k=0 ^ ' m=0 jeE(f,m) 



(46) 



1 . 2^'7(i) \ 



(47) 
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Note that 



m < k - 2 



jeE(t,m) 



1 i^f!M\ 



2P('^-'^\E{€,m)\. 



(48) 



and for all m,k eZ, 



jeE{e,m) 



1 . 



< \E({,m)\. 



(49) 



Plugging (|48l) and (|49l) into (|47]l we see that 

oo CO (m+\ 2k+(p 



||0(/, 0) - 0(0, 0)11^ ^ 2] Z Z TTTT)^!^^^' '"^I + Z TFTT^^'"'"''!^^^' '"^I 



f=l m=0\k=0 



k=m+2 



(k + l)P 



2m+{p-l)C 



y y \Ei£,m)\ < y y \Eie,m)\ 



t=l m=0 



2m+{p-l)i 



\/pY 



(50) 



Using the fact that for all a, > we have ab^ ^ < we can bound the summands in (l50l) as follows: 



-— rTTlW,m)| < 
(m + l)P j 



T^\E{€,m)\ + 
T'\E{e, m)\ 



(m+l)P/(P 



— if E{e, m) + 0, 
otherwise. 



(51) 



Note that if E{t,m) then there exists 7 e Z with I7I € [2''"' -1,2^-1) such that /(;) 0. By the 
definition of M this implies that 2^ < M. Using this observation while substituting the the estimates (|5T]) 
in (l50l) we see that 



Llogj MJ 



1 



||O(/,0)-cl>(0,0)||,<2]2]2W,".)K 2] 2^Zr^^nW(P-i) 

m=0 f=l f=l m=0 ^ ^ 

CO CO 

^ Z Z ^'"l'^^^' + ^ ^ ^»z((/' 0)' (0> 0)). (52) 



e=i m=0 



This shows that ||f Hup ^ 1. 
In the reverse direction write 

D := dztziif, 0), (0, 0)) M + 2] l/^^')! ^ Z + Z l^^-/')' 



It follows that there exists an integer { < log M such that 



D < log(M + 1) 



We shall fix this i from now on. Observe that 



2' + 2 l/(;)l 

I7|e[2f-i-l,2f-l) 



(53) 



2] 1/(7)1 X 2] 2'"|£(^,m)|. 

l7le[2f-i-l,2f-l) 



2'"+'<|| 
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Hence there exists an integer m < log(l + ||/||i) such that 

^ 2"'|W, m)\ ■ log(l + ll/lli). (54) 

\j\e[2f-'-\,l'-\) 



We shall fix this m form now on. Combining (1531 ) with (154] ) yields the bound: 

D < log(M + 1) • (2' + r'\E{i, m)\ ■ log(l + ||/||i)) ? (log(D + 1))' • (l' + 2"W, m)\) . (55) 
Substitute (|48] ) into (07]) to get the lower bound 

||O(/,0) - 0(0,0)11^ > y _-_2^('"-^)|W,m)| > ———\E{€,m)\ > ^ . J W, m)|. 



Also (145]) implies that 

||Fo(/,0) - FoiO,0)\fp > M^^-'^^P + 2"'P\E{e,m)\ > 2^^-^)^^ + 2'"P|£(^, m)|. 

Thus 

||F(/,0) - F(0,0)||p > 2(1-^)^ + 2"'|£(^,m)|^/P + ^^^^^ ^ • 2'"//'|£(f, m)|i/P2^(''-i)/'' 

> (2^ + 2'"|£(^,m)|>/P + 2'"'P\E(£,mf'n^^P-^^'Py~'' . (56) 

log(D + 1) ^ ' 

We claim that 

Cm — 

2' + 2^\E{i, mflP + 2"^IPm, mflP2'^P-'^IP > ^ + (^"'IW, m)|) ^^^^ 



Indeed, if i2'"\E{{,m)\yi' < 2^ then (jST) is trivial, so assume that a := {2'"\E{{,m)\y-i' > 2^. Since 
\E{£,m)\ = 2-'« • ^e see that 

2^ + 2'"\Ei£, mfP + 2"''P\E{£, mf'P2^'^P-^^'P > 2(/'-i)'"//'a2/(p+i) ^ ^2/(p+i)2f(p-i)/p_ (53) 

Note that by definition 2"'" • a^P/(P+'^^ ^ \E{e,m)\ < 2^ so 2'" > 2"^ • q^p/Cp+D. Substituting this bound 
into (l58]) we see that 



2^ + 2'"|£'(^,m)|i''^ + 2"''P\E{{,m)\^'P2^^P-'^^'P > 2-^^p-^^'p ■ o^p'^p^^^ + ^2/(p+1)2^(p-i)/p 



> 2a = 2{2'"\E(£,m)\)'^ , 



where we used the arithmetic mean/geometric mean inequality. This completes the proof of (1571) . 
A combination of (1551) . (l56l ) and (157] ) yields 

log(D + 1) 



||F(/,0) - F(0,0)\\p > rTTT-TT ■ + (2'"IW,m)|)^ 
log(D +1) \ 



— ^ (2^ + 2W,-)ir^^ > r 

log(D+l) ^ I V , /i; ~ ^ . ,^9n_.wi±i ~ 



(log(D + 1)) 



l+2(l-e)'-^ 



This completes the proof of Theorem 14.11 
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5 General compression upper bounds for amenable groups 



Let r be a group which is generated by the finite symmetric set S Q Y. Let p be a left-invariant metric 
on r such that Bp{er, r) = {x e F : p{x, e) < r) is finite for all r > 0. In most of our applications of the 
ensuing arguments the metric p will be the word metric induced by S , but we will also need to deal with 
other invariant metrics (see Section IT]). 

Given a symmetric probability measure ju on F let {^/tl^j be i.i.d. elements of T which are distributed 
according to fi. The //-random walk { }J^q is defined as = er and IV^ = ^1^2 ■■■ gt tor t eN. Fix p > I 
and assume that 

J^pix, erfdpix) = [p (wf , erf] < 00. (59) 



Let {yUfl^j be a sequence of symmetric probability measures satisfying the integrability condition ( 1591 ) and 
define 

log(E^,fp(wf',er)l) 
yS; {/i^),=i,P := limsup / ) ^ - ■ (60) 
^ ' '-^oo log(fE^,[p(wf',ery]) 

Finally we let /3*p(T,p) be the supremum of yS* ({//r)^j,p) over all sequences of symmetric probability mea- 
sures {//rlj^j on r satisfying 

e N f p(x, erfdntix) < 00 and lim {tn, (F \ {ei)) ) = 00. (61) 
Jr 

When p is the word metric induced by the symmetric generating set S we will use the simplified notation 
P*p(r,p) = /3p(F). This convention does not create any ambiguity since clearly y6*(F,p) does not depend on 
the choice of the finite symmetric generating set S (this follows from the fact that due to (|6T]) the denominator 
in (l60l ) tends to 00 with t — we establish this fact below). 



To better explain the definition (1601) we shall make some preliminary observations before passing to the main 
results of this section. We first note that 

yS;(r,p) < 1. (62) 

Indeed, since we are assuming that all the p-balls are finite there exists po > such that for every distinct 
;c,3' e F we have p{x,y) > po. Hence for every symmetric probability measure yu on F which satisfies ( |59l ) 
we have 

[p (Wf , erf] > p'qH (F \ |er)) . (63) 
Holder's inequality therefore implies that: 



E^P K' ^r)] - E^p (Wf , ^t) lr\wi] 



\p-t\Up <S3 1 

[siif,[p[W-,er 

On the other hand, by the triangle inequality we have: 



(F \ {e,])^^~^yP (E, [p «, e,f]f' f ^^E, [p «, e.f] . (64) 

Po 



E, [p (Wf, .r)] <Y,Mp (^f' KA = [P «, .r)] f ^E, [p (wf , erf] . (65) 
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It follows that if {/UflJ^j are symmetric probability measures on F satisfying (1611) then 

log(E^,[p(wf,^'r)]) HDAgD / (;7-l)logpo \m , 

limSUp ; ;— -T— < limSUp 1--; ; — — — ; = 1, 

t^oo log(fE^,[p(wf,f'r) ]) V log{tHt(T\{er])) + plogpol 



implying 

We also claim that ifl<^<;7<oo then 

ys;(r,p)<ys;(r,p). (66) 

Indeed, let {yUrl^j be symmetric probability measures on T satisfying (|6TI ) and note that 

[p e,f] < Mr \ {er)r-'^'^ (e„ [p e?f]f f ^E„ [p .r)'] . (67) 

^0 

Hence, 

log(E^,[p(wf,^'r)]) (67) log(E^,[p(wf',^'r)]) 1 

limsup p^-j ^ < limsup ^ l \ /j/ 



log(ffi^,[p(wf',^'rf]) log(fE^,[p(lVf,^'r)']) 1 



(p-^)logpo 
log(fE„|p«'..r)''|) 



g3) log(E/,,[p(<,^'r)]) 1 m , 

- ^^"t"' log(m UW^' erU ' 1 + - 
iog^^m^, ^p^^Wj ,eT) \) 1 + iog(?Mr\{er)))+<?iogpo 

implying (l66l) . 

The main result of this section is the following theorem: 

Theorem 5.1. Assume that T is amenable and that X is a metric space with Markov type p. Then for every 
left-invariant metric p onT such that \Bp{eY, r)\ < oafor all r >0 we have: 

a^(r,p) < 



p/3;(r,p) 

Remark 5.2. In lHISll it was essentially shown that the bound in Theorem 15.11 holds true with /3*(r,p) 
replaced by y6^(r,p), which is a weaker bound due to (l66l) . More precisely [6, 44] dealt with the case when 
all the measures jUt equal a fixed measure in which case the second requirement of (|6TI ) is simply that /i is 
not supported on [er]- If we restrict to this particular case we can define an analogous parameter by 

log(EJp(lVf,er)l) 

p;(ju,p) = p; ({/I, ...},p):= limsup ^ \ ^. 

t^oo log t 

and similarly by taking the supremum over all symmetric probability measures measures // satisfying (|6TI ) we 
can define the parameter jS* (r,p). An inspection of the results in ElUl shows that a variant of Theorem l5.ll 
is established there with yS*(r,p) replaced by yS^(r,p). Thus Theorem 15.11 is formally stronger than the 
results of ElUl- As we shall see in Section [6l this is a strict improvement which is crucial for our proof of 
the bound Qr*(Z I Z) < ^^'^ Section |7] we will also need to use a family of non-identical measures 
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Proof of Theorem |5J1 Let {Pn}'^^Q be a F0lner sequence for F, i.e., for every e > and any finite A" c F, we 
have |F„A(F„A')| < E\Fn\ for large enougli n. Fix yS < fi*p{T,p). Then there exists a sequence of symmetric 
probability measures {yu^^i on F which satisfy (|6T] ) and y6 < /3p ^{//,)^pp). This implies that there exists an 
increasing sequence of integers Uitl^i for which 

E„.[p«.,.r)].^(E„.[p«',.r)"]f. 
for all k. For every f, r e N consider the event 

t 

Ar{r)-f]{w>^'eBp{er,r)]. 

By the monotone convergence theorem for every ^ € N there exists r^ eN such that 

E., [p«\.r)lA,(.)] > '/,(E„^ [p(w',\e,y]f . (68) 

Since \Bp{er, rk)\ < oo for every ^ € N we can find nt such that if we denote A := Fn,,Bp{eT, ru) 2 -F^^ 
then we have (by the F0lner condition with e = 1), 



\A\Fn,\<\Fn,\ ^ \Fn,\>T\A\. (69) 



Fix k and let £ F be i.i.d. group elements distributed according to such that ivf = ^1^2 • • • gt 

for every f e N. Let Zq be uniformly distributed over A and independent of For f e N define 

Z - I ^ 
' \ Zf_i otherwise. 

Consider the event O {Zq € n At^^^{rk). By construction when Q occurs we have Zt,. - ZqW^'^'' . Hence 

E^,^, [p(Z,„Zo)] > E^,^, [p(Zo<*,Zo)ln] 

P[Zo e f„J . E,^ [p(w;\er)U,,,] *^>'^ (e,,^, [p«^^rr]f , (70) 
where in (*) we used the independence of Zq and {g/l^j and the left-invariance of p. 

On the other hand fix a € (0, 1) and assume that there exists an embedding / : F — > X and c, C € (0, 00) 
such that 

x,yeT ^ cp{x,yf < dx{f{x)J{x)) < Cp{x,y). (71) 

Our goal is to show that a < Since yS < 1 this inequality is vacuous if pa < 1. We may therefore assume 
that pa>\. Since |Zf)J^Q is a stationary reversible Markov chain, for every M > Mp{X) and k eN we have 

E[dx{m,)J{Zo)r] < MPtkE[dx{f{Zi),f{Zo)r] 

*? MPC'\E [p{Zi , Zor] MPC%E^,^ [p ( , erf] , (72) 
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Where in (**) we used the point-wise inequahty p(Zi , Zq) < p(g\, er) = p (w^'' , ep)- On the other hand, 



E [dxifiZtJ, mm ? cPE [p (Zr, , fZ^fP] 



> c''(E[p(Z„Zo)]ry^(E,Jp(wf^ery])'^ (73) 

Combining (1721 ) and ( |73] ) we deduce that 

(plm,{Y\{ey}))'' < (^/tE^,Jp«^^^) ]) ^ —p " (^4) 

Taking ^ ^ oo in (1741) while using the assumption (|6TI ) we conclude that afip < 1, as required. □ 

The following theorem is a variant of Theorem 15.11 which deals with equivariant embeddings of general 
groups (not necessarily amenable) into uniformly smooth Banach spaces. Its proof is an obvious modifica- 
tion of the proof of Theorem 2.1 in [44]: one just has to notice that in that proof the i.i.d. group elements 
{(Til^j need not be uniformly distributed over a symmetric generating set S c F — the argument goes 
through identically if they are allowed to be distributed according to any symmetric probability measure p 
satisfying the integrability condition 



Theorem 5.3. Let Y be a group and p a left-invariant metric on Y such that \Bp{eY, r)\ < oo for all r > 0. 
Assume that X is a Banach space whose modulus of uniform smoothness has power-type p € [1,2]. Then: 

a*(r,p) < I 

By the results of Section |9l Theorem 15.31 implies Theorem 15.11 when X is a Banach space whose modulus of 
uniform smoothness has power-type p rather than a general metric space with Markov type p. Note that the 
former assumption implies the latter assumption as shown in B31 . 



6 Stable walks and the Lp compression of Z ? Z 

This section is devoted to the proof of the following theorem: 
Theorem 6.1. For every p e (1,2) we have 

lp-\ 



P*M I Z) = 



p2 



Note that since in f4?| we proved that ^^(Z I Z) > Theorem O implies that /3*(Z I Z) < 



Thus in order to prove Theorem 16. II it suffices to show that yS*(Z I Z) > which would also imply that 



2p-l 

P- 



P- 



a*p(Z I Z) = In order to establish this lower bound on jS* (Z I Z) we will analyze certain symmetric 

random walks on Z ^ Z which arise from discrete approximations of ^-stable random variables for some 
qe{p,2). 
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6.1 Some general properties of symmetric walks on Z 



Let X be a Z- valued symmetric random variable and let Xi,X2, ... be i.i.d. copies of X. For each « e N 
define S „ = Xi + ■ ■ ■ + Xn (and set = 0). We also define S to be the random set {So, . . . ,S „]. We will 
record here for future use some general properties of the walk S^. These are simple facts which appeared in 
various guises in the literate (though we did not manage to pinpoint cleanly stated references for them). We 
include this brief discussion for the sake of completeness. 



Lemma 6.2. For Sn as above we have 



E[|S„|] > ^e[|5[o,„]|]. 



(75) 



Proof. Fix R >0 and denote t := mm{t > : \S t\ > R}- Note the following inclusion of events: 



{\Sn\ > /?} 2 <T < « A sign 



sign(5,) . 



U=T+1 / 



It follows that: 



'[|5„|>/?]> J]: 



m=0 



T - m A sign 



\.k=m+l J 



= sign(5„,) 



= J]p[T = m]-P[5„_,„>0] 



m=0 



(*) 1 ^^ 1 

> -2^P[T-m] - -F[T<n], (76) 



m=0 



where in (★) we used the symmetry of S „-,„. Note that if p[o,„]| > 2R then one of the numbers HS'ol, . . . , 
must be at least R. Thus 

P[T<«] >P[|S[o,„]| >2/?]. (77) 

It follows that: 
E[|S„|] = 2^P[|S„| >/?] > -2]lP[|'^[0,n]| ^2/?] 



R=0 



R=0 



1 ~ P [|5 [o,„] \>2r]+¥ [\s [o,„] I > 2/? + l] 1 



R=0 



as required. 



The proof of the following lemma is a slight variant of the argument used to prove the first assertion of 
Lemma 6.3 in l!44| . 



Lemma 6.3. Let Sn be as above and denote /?„ := e {0, . . . , n) : Sk = 0}|. Then 

1 



> 



(78) 
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Proof. Since R,, = YII^q l|5f=0) we have E[/?„] = YJ'^^^nSt = 0] and: 

n 



iJelO,...,^) 



;[/?„] + 2 P [5 r - 0] • P [s j-i = O] < E [R„] + (E < 2 (E [Rn]f 



Since for every nonnegative random variable Z we have P > ^E[Z]j > | ^^^^ (which is an easy con- 
sequence of the Cauchy-Schwartz inequahty — see US] |3) we deduce that P[/?„ > ^E[/?„]] > |, as re- 
quired. □ 



The proof of the following lemma is a slight variant of the argument used to prove the second assertion of 
Lemma 6.3 in 144]. 



Lemma 6.4. For Sn as above we have: 



5[0,n] > 



n + I 



(79) 



Proof. Fix k € {\, . . .,n + 1) and denote k :- min i^k, \s [o,n] | }■ Let Vi , . . . , be the first distinct k integers 
that were visited by the walk S o,S i, . . . ,S „. For simplicity of notation we also set Vj = n + I when 
j e [k + I, . . . ,n}. Write 

min{0 < T < n : S r = Vj} j <lc, 
n + I j > k. 



Denote '■= 



{0<j<?i: Sje{Vi,...,Vj}]\.Then 



k k n k 

ra-2]E |{0<f <«: S, = Vj]\\ = Y,-^ 2]ll5,=v,| = Y, 



C=r, 



k 



e=T, 



<kY^¥[Sc = G\. (80) 



Hence 



5[o,„] <^ <P[F^>« + 1] < < -> P[5f-0]. 

' J n+l n + I 4-^ 



(81) 



e=Q 



It follows that if we denote m - 



n+l 



n+l 



then 



n+l n+l _ [ml , Jc - I 

''l\S[0,n]\] = Y,^[\S[0,n]\>k]=Y,{i-Vl\Smj\<k-l]) > 

k=l 4=1 k=l 



m 



\m]{\m] - 1) ^ M ^ 
\m] : > —— > 



n + l 



2m 



2 - 2rt=o^[Sc = or 



as required. 
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6.2 An analysis of a particular discrete stable walk on Z 



2q \nj 2q 



In this section we will analyze a specific random walk on Z which will be used in estimating /?* (Zffi). Similar 
bounds are known to hold in great generality for arbitrary walks which are in the domain of attraction of 
^-stable random variables, and not only for the walk presented below. Specifically, such general results can 
be deduced from Gendenko's local central limit theorem for convergence to stable laws (see Theorem 4.2.1 
in 1 35]), in combination with some estimates on such walks from [27] (see section IX.8, Theorem 1 there). 
Since for the purpose of proving compression bounds all we need is to construct one such walk, we opted 
for the sake of concreteness to present here a simple self-contained proof of the required properties of a 
particular walk which is perfectly suited for the purpose of our applications to embedding theory. 

In what follows fix ^ e {p, 2). Define a\ = a_i = and for « e (N \ {!)) U {0), 

_(-!)" q{q-l)---{q-n+\) 

1 . (8Z) 

Note that since q e (1,2) the definition (1821 ) implies that foini^l we have a„ > 0. Since we defined a±i to 
be equal it follows that {a„)„gz c [0, oo). An application of Stirling's formula implies that as « — > oo we 
have 

1 (n-q-l\ 1 

where the implicit constants depend only on q (and are easily estimated if so desired). Note in particular 
that since q > p, (l83] ) implies that 

2 ^n\n\P < oo, (84) 

neZ 

and 

y^ie):=Y,^ne"'' (85) 

neZ 

converges uniformly on [-n, n]. Moreover it is easy to compute ifi{9) explicitly: 



e'^ + e-"^ 1 ~ /a\, , (l - e'^) + (\ - e-'^) 



+ 1 2(- 1)"M [e'"' + e-'"') = cose + 



2q 



cos 61+ (1 - cos 6')'^^^ cos ^ 1 € R. (86) 



An immediate consequence of (1861 ) is that ^nsz^n ~ '^(0) ~ 1- Thus we can define a symmetric random 
variable X on Z by P[X - n\ - an. With this notation (l84l) becomes B\X\p < oo. Another corollary of the 
identity (l86l) is that there exits e - E{q) € (0, 1) and c = c{q) > such that for every 9 e [-e,e] we have 
E[e'^^] = (fiO) e Note also that since for every 6* we have \(p{d)\ < Y^nez^n = 1 there 

exists some 5 = 6{q) € (0, 1) such that for every 9 e [-n, -e] U [e, n] we have \'fi{9)\ < I - 5. 

Now let Xi,X2, ... be i.i.d. copies of X. Denote 5„ = Xi + • • • + X„. Then the above bounds imply that 



1 

^2^ 



J-E J[-ff,-£]U[£,ff] J-E J[-ff,-e]U[£,ff] 
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This implies that as ?i ^ oo we have 



1 



[5„ ^ 0] X _. (87) 



n 



Substituting ^} into (|79l) we see that 

\S[oJ] = B[\{So,...,Sn}\]>n'''i. (88) 



In combination with (1791 ) it follows that 

E[|5„|] (89) 



Additionally, if we let /?„ be as in Lemma 16.31 (for the particular symmetric walk S „ studied here) then by 
plugging (|87] ) into d78] ) we get the bound 



E[/?y^] 1)/'?' . (90) 



6.3 The induced walk on Z i Z and the lower bound on /3*JZ I Z) 



In this section we will conclude the proof of Theorem 16.11 Modulo the previous preparatory sections, the 
argument below closely follows the proof of Theorem 6.2 in Ii44l . 



For every n\,n2,nT, € Z define 



1.12 ■ 



Zby 



n\ lik = 0, 

?i2 if k = TiT, /\ nj, i= 0, 

n\ + n2 if ^ = = «3, 

otherwise. 



Denote 



(/;f,„,,«3)eZ?Z. 



(91) 



To better understand the meaning of this group element, note that for every {g, {) e Z?Z we have {g, i)Xni,n2,m 
{h,t + n^) where 

' g{k) + ni ifk = £, 

g{k) + «2 if k = i + A riT, 4^ 0, 

g(t) +ni +n2 if k = £ A = 0, 
g(k) otherwise. 



h{k) 



Thus if we let /u be the symmetric probability measure on Z ? Z given by yu({x„j_„2 ,,3}) = Uman^an^, where 
{'^n}nez are the coefficients from Section |6]2j then the walk {W^I^q can be described in words as follows: 
start at (0, 0) and at each step choose three i.i.d. numbers n\,n2, eZ distributed according to the random 
variable X from Section [6?2l Add ni to the current location of the lamplighter, move the lamplighter ni, units 
and add «2 to the new location of the lamplighter. 

Write = {ft, nit). By the above description mf has the same distribution as the walk 5, from Section |6^ 
Fix « e N and for m e Z denote T,„ := \{t € |0, ...,«) : nit = The above description of the walk 
ensures that conditioned on {Tm}mez and on "terminal point" m„, if k e Z \ [0, m,,} then /„(m) has the same 
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distribution as Sjt,,,, if m € {0, m,,} and m„ then /„(m) has the same distribution as 5'max{2r„,-i,0), and if 
m € {0, m„) and m„ = then /„(m) has the same distribution as S2t,„ - Thus using (l89l) we see that 



E[|/„(m)|] >E[ri,/^]. (92) 

Fix m e Z and for f e {0, . . . , «) define the event At := {nit - m A m ^ {0, . . . , Note that conditioned 

on Ai the random variable Tm has the same distribution as Rt^, where {/?jt}^=o (l90b . Hence, 

L«/2J L«/2J 
E [r„V^] > 2 P(A,) • E r,J/^| A, > 2 1P(^^) • - ^('^-i^/^'P [m e {mo, . . . , mL„/2j}] . (93) 

r=0 f=0 

It follows that 

E [dj.a (<, (0, 0))] > 2 E [|/„(m)|] f J] E [r^.^^] *f n^^-^)/?' J] P [m € {mo, . . . , mL„/2j}] 

meZ meZ meZ 

= «(^-i)/'?'e [|{5o, . . . , 5 L„/2j)|] ? • n'/^ = (94) 

On the other hand it foUows from ([Ml) that E [jz)Z (w^, (0, 0))^] < CX5 so we deduce from the definition of 
l3*p{Z I Z) that 

Letting q ^ p'*' we deduce Theorem 16. II □ 

Remark 6.5. The same argument as above actually shows that for every finitely generated group G and 
every e (1, 2] we have 

;S;(G?Z)> i + |l-iJ/3;(G). (95) 

This implies Theorem 16.11 since the computations in Section [6^ show that y6*(Z) > ^. Note of course that 

due to Theorem l5.1l we actually know that yS* (Z) = ^. We also observe that if // is a finitely generated group 
whose growth is at least quadratic then (i*p{GlH) = I. Indeed we have established the fact that fi*p{GlH) < 1 
in (l62l) . while the lower bound follows from Theorem 6.1 in l,44J which states that /i*{G I H) = 1, combined 
with the obvious fact that fi* (G I H) < l3*p{G IH). < 

Remark 6.6. Define inductively Z(i) = Z and Zj^+i - Z^f) I Z. Then for p e (1,2] we have p*p{Z^i)) = 
and (|95]l implies that /3*p{Z(^k+i)) > ^ + (l " p)l^*p(^(k))- It follows by induction that for all A; e N we have 



ye;(Z(,)) > 1 - ^1 - -j . (96) 

Note that or* (Z(i)) ^ 1 and by f54\ a* (C2 IZ) ^ \ (see also the different proof of this fact in El). Thus 
Corollary 12 !2 1 implies that 

^'^'^^ pa*p{Z(^) + p-l 

It follows by induction that 

ni-(i-i)) 
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By combining ( [96l ) and ( |97l ) with Theorem 15. II we see that 

ni-(i-i)) ^ 

For p € (2, oo) the same reasoning (using the fact that Lp has Markov type 2 EH) shows that q'*(Z(/;)) = 
a^iZ^k)) and /3;(Z(^)) = ;S* (Z(^)). < 



7 A computation of yS* ((Z ^ Z)o, t/za) 

The purpose of this section is to prove the following result: 

Theorem 7.1. Let G,H be infinite groups generated by the finite symmetric sets So G and S h H, 
respectively. Let (G I H)o - {(/, x) e G I H : x = en) be the zero section ofG I H. Then for all p e [\,2] we 
have 

/S* ((GlH)o,dGm)>^. (98) 

Specializing to the case G = H = Z we can apply Theorem 15 . 1 1 when p is the metric induced from Z ? Z on 
the amenable group (Z I Z)o to deduce that 

2/5 p/3p{{ZiZ)o,dza) ' 2p 
Thus in particular there is equality in (1981 ) when G = H = Z. 



Proof of Theorem WA\ For every ^ e N let e G and hi^ e H be elements satisfying dG{gk,^G) = k and 
dnihk, ch) = k. Such elements exists since G, H are assumed to be infinite. We shall write below /j^^ = h-k- 
Fix an even integer « e N. For every k € [1, n/2] U [-n/2, -1] and e,6 e {-1,1] define fk^s^s '■ H ^ Gby 

( gf, if ^ en, 
fk,e,d{x) --l gi ifx = hk, 
\ cq otherwise. 

Let pn be the symmetric measure on (G I H)q which is uniformly distributed on the 4n elements 

{(fk,s.s, en): ke [\,n/2] U [-n/2, -1], e, <5 e {-1, 1}) c (G ? H)o. 
Then the following point-wise inequality holds true: 

0<^/Q//(<",eQ//)<3«. (100) 



It follows in particular that the conditions in (1611) hold true for the sequence Moreover, for each 

k e [1, n/2] U [-n/2, -1] the probability that in exactly one of the first n steps of the walk _ the h^ 

(1 \^~^ 1 
1-^1 > ^. Therefore the expected number of of coordinates h^ that were 
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altered exactly once is greater than n/3. Each such coordinate contributes n to the distance between Wj^" and 
eoH- Hence 

2 

^MnldGiH{Wj:",eGiH)]>J. (101) 

It follows from the definition (l60l ) that 

GMaGoD log(«2/3) 2 



A'nC=i'^G*//) > limsup 



as required. 



8 An application to the Lipschitz extension problem 

The purpose of this section is to prove the following theorem: 

Theorem 8.1. There exists a Lipschitz function F : (Zl Z)o L2 which cannot be extended to a Lipschitz 
function from 1.11. to L^. 

The key step in the proof of Theorem 18. II is the use of the function constructed in Theorem 14. 1 1 The other 
fact that we will need is Lemma [S^ below. Recall that a Markov chain is called a symmetric Markov 

chain on Z ^ Z if there exists an A'^-point subset {zi , . . . , za?) c Z ^ Z and anNxN symmetric stochastic matrix 
A - (uij) such that P[Zo - Zi] = for all / € {1, . . . ,A^) and for all i,j € |1, . . . , A^) and f € N we have 
P[Zf+i = Xj\Z, = Zi] = aij. 

The following lemma asserts that there is a fast-diverging symmetric Markov chain on Z J Z which remains 
within a relatively narrow tubular neighborhood around the zero section (Z I Z)o. 

Lemma 8.2. For every s > there exists an integer no{E) e N such that for all n > nQ{e) there is a symmetric 
Markov chain {ZfjJ^Q onlll which satisfies the following conditions: 

L dza{Zi,ZQ) < 4 (point-wise), 

2. fif»z {Z„ (Z I Z)o) < 2«(i+'^)''2 allt>0 (point-wise), 

3. E[dzaiZn,Zo)]>n^'^. 

Assuming Lemma [8^ for the moment we shall prove Theorem l8.ll 

Proof of Theorem I&7] Fix e € (0, 1/11). By Theorem 14. 1 1 there exists a function F : (Zl Z)o — > L2 and 
c = c(e) > such that ||F||Lip = 1 and for every x,y € (11 Z)o we have 

\\F{x) - F(y)\\2 > cdztz(x,yf''^'\ (102) 

Assume for the sake of contradiction that there exists a function F : 111 ^ L2 such that F t(z;z)o= F and 




— L < 00. 



30 



Let no(e) and be as in Lemma [8^ and fix « > no(e). Write Z, = {ft,kt) and define Zj* = {ft,0) e 

(Z ? Z)o. The second assertion of Lemma [8^ implies that for all f > we have 



(103) 



Using the Markov type 2 property of L2 [8J (with constant 1) and the first assertion of Lemma [8^ we see 
that: 



||F(Z„) - F(Zo 



< nl 



\\F(Zi) - F(Zo)||2 < nL^E [dztz (ZuZof] < l6nL\ (104) 



Note the following elementary corollary of the triangle inequality which holds for every metric space {X, d), 
every p > 1 and every a\,a2,bi,b2 £ X: 



1 



Hence we have the following point-wise inequality: 



d{ai,bif > -^d{a2,b2f - d{ai,a2Y - d{bub2y. 



(105) 



2 005) 1 



\\F{Zn) - F{Zo)g T ^ \\f (z«) - F (Z°)|[ - \\f{Z„) - F (z°)|| J - ||f(Zo) - F (zQ 



|2 M~ 
I2 



(T02\ 

> 



—dziz (z°, Zq^ - L^dziz (z,i, Z°) - l?dziz (Zo, Z^ 

(3-£)/2 J 70^3-^)^2 / 7oV^-=)/2 



G05)a(T03) / 1 

^ -^\-^dziz{Zn,Zo) 



> 



jdziz(Zn,Zof 



(106) 



Taking expectation in ( |106b and using the third assertion of Lemma we see that: 



l6nL^ > 



||F(Z„) - FiZo)\\l\ > jE [dza iZn,Zof-''^'^] - lOL^n 



l+e 



> (E[dzaiZ„,Zo)]y^-'=^'^ - 10L\^^^ > n^^^-'^'^ - lOL^^*" , 



which is a contradiction for large enough n since the assumption e < 1/11 implies that > 1 + e. □ 
It remains to prove Lemma [8l2l 



Proof of Lemma I&2] Fix an integer « e N and e € (0, 1 1 A). Define two subsets Un, V„ QZlZhy 
Un ■■= {(/, k)eZlZ: supp(/) c [-«, n] , \k\ < In^^^"^''^ , \f{€)\ <r? V ^ € Z 
■- {(/, k)^ZlZ: supp(/) c \-n, n\ , \k\ < n^^^"'"^, |/(^)| <n^-2nV£e 
Then x {in^ + if"^^ {4n^^+'=^'^ + l) and |V„| x [in^ - 4n + if"^^ [in^^^^^^l^ + l) so that 

Wn\ 



\Un\ 



> 1. 



(107) 



Consider the set S = {x„, „2,f!3 • ni,n2,n^ € {-1,1}), where x„[_„2,"3 defined in ( |9T|) . Then S is 

a symmetric generating set of Z ? Z consisting of 8 elements. Let gi,g2, ■ ■ ■ be i.i.d. elements of Z ? Z 
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which are uniformly distributed over S and denote W,„ • • ■ gm = {fm,km)- Then by construction the 
sequence {A:„,)^^j has the same distribution as the standard random walk on Z, i.e., the same distribution as 
{S ,„ - s\ + ■ ■ ■ + em),'^=i where ei,e2, . . . are i.i.d. Bernoulli random variables (this fact was explained in 
greater generaUty in Section 1631 ). Also, as shown by Erschler [26j, we have 

E[dza(Wn,{^M]>cn^'\ (108) 

where c > is a universal constant. Note that since t/z(z(-^M,,ii2,n3' (0, 0)) < 4 for every n\,n2,n^ £ {-1, 1) we 
have point-wise bound 

fi?az(W„,(0,0)) <4n. (109) 
Now let Zq be uniformly distributed over [/„ and independent of {gilj^j. For f e N define 




Zt-igt if Zt-]_g, e Un, 
Z,_i otherwise. 



The first two assertions of Lemma [8l2] hold true by construction. It remains to estabhsh the third assertion 
of Lemma [8^ 

Consider the events £ := [Zq € Vn) and T '■= {max„,<„ \km\ < n''^'*'^^/^^ Note that if the event SdJ^ occurs 
then Z„ = ZoWn since by design in this case Zq e V„ and therefore ZqW, cannot leave Un for all t < n. It 
follows that 



E [dz>z (Zn, Zo)] > E [Jaz {Wn, (0, 0)) Ignr] = P [£] (E [c?z« (0, 0))] - E [d^^^ (W„, (0, 0)) 

> — (cn^'^^ - 4«(1 - nTWj > cn^'^ - 4n{l - FIT]). (1 10) 
I I 

For large enough n (depending on e) we have 



4n{\ - ¥[T]) < -rv''^. 



since Doob's maximal inequality (see e.g. 11251 ) implies that for every > 1 we have 



1 - nT] 



max \k,n\ > n 

m<n 



(l+£)/2 



p [|ei + • • • + Sn\P] (*) / p Y {lOnp)Pl^ C(p) 



p-l 



„p(l+e)/2 



p - I j ^/'(l+e)/2 



(111) 



, (112) 



where in (♦) we used Khinchine's inequality (see e.g. |43 1) and C{p) depends only on p. Hence choosing p 
large enough in (II 121 ) (depending on e) implies (111 II ). Combining (IllOl ) and (lllll ) implies that 



;[cfz(z(Z„,Zo)] > n 



3/4 



which completes the proof of Lemma [8^ 



9 Reduction to equivariant embeddings 



Recall that a Banach space {X, \\ ■ \\x) is said to be finitely representable in a Banach space {Y, \\ ■ ||y) if for 
every £ > and every finite dimensional subspace F c X there is a linear operator T : F ^ Y such that for 
every x e F we have \\x\\x < \\Tx\\y < (1 + £)IU||x- 
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Theorem 9.1. Let Y be an amenable group which is generated by a finite symmetric set S QY. Fix p > \, 
two functions u), Q. : [0, oo) — > [0, oo) and a Banach space {X, \\ ■ \\x) such that there is a mapping tj/ '.Y ^ X 
which satisfies: 

g,heY ^ oj{dY{g,h))<mg)-m\\x<^{dr{g,h))- (113) 

Then there exists a Banach space Y which is finitely representable in ip{X) and an equivariant mapping 
T : r ^ F such that 

g,heY ^ uj {drig, h)) < mg) - ^{h)\\y < a {dr{g, h)) . (1 14) 

Moreover, ifX - Lp(p.)for some measure p then Y can be taken to be isometric to Lp. 



Note that as a special case of Theorem 19. ll we conclude that for every p > 1 if F is an amenable group then 
a*p{Y) = aliY). 



In what follows given a Banach space X we denote by Isom(X) the group of all linear isometric automor- 
phims of X. We shall require the following lemma in the proof of Theorem 19.11 

Lemma 9.2. Fix p e [l,oo). Let G be a finitely generated group and {Q.,'F,p) be a measure space (thus 
Q. is a set, 'F is a cr algebra, and p is a measure on T). Assume that jiq : G ^ Isom ^Lp(//, !F)^ is a 

homomorphism and that /o € Z^{G,7Tq) a l-cocycle. Then there exists a homomorphism n : G ^ Isom^L^^ 

and a l-cocycle f € Z^(G, n) such that \\f{x)\\i^ - ||/o(.^)llLp(p,?^) for all x e G. 

Proof. Given A c Lp{p, J^) we denote as usual the smallest sub-o" algebra of with respect to which all 
the elements of A are measurable by o"(A). Define inductively a sequence of sub-cr algebras of T 

and two sequences {?7„)^j, {VhI^'^j of linear subspaces of Lp{jj.,'F') as follows: 



UttoW/oCG) 



, ri:=(r(Ui), Vi^Lp{n,Ti), 



U\ - span 
and inductively 

Un+\ ■■= span noix)Vn , T„+i ■= cr{Un+\), = Lp{p, Tn+\). 

VxeG ) 

By construction for each « e N we have U„ c V„ c Un+i, the measure space {Q.,'Fn,M) is separable (since 
G is countable) and !F„+i 2 fn. Let 'Fco be the cr-algebra generated by U^i Note that for every e > 
and every A € !Foo there is some n eM and B e T„ such that p{AAB) < e (this is because the set of all such 
A € ;F forms a cr algebra, and therefore contains Too)- By considering approximations by simple functions 
we deduce that 

DO 

Lp{ju,r^)^\Jv,„ (115) 
«=1 

where the closure is taken in Lpip,^). We claim that for each x e G we have 7r()(x) e \^om{Lp{p,'Fc<S)- 
Indeed, by construction no{x)Un = Un for all « e N, and therefore Vn £ 7ro(x)V„+i c Vn+i, which implies 
that 7ro{x)Lp(jj, Too) - LpQi, Too), as required. Note also that f{G) c LpQi, Too)- 
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Since LpQi, Too) is separable it is isometric to one of the spaces: 

where the direct sums in (11161) are direct sums (see [57]). In what follows we will slightly abuse notation 
by saying that Lpiji, fco) is equal to one of the spaces listed in (I116I ). The standard fact (11161 ) follows from 
decomposing the measure // [~^^ into a non-atomic part and a purely atomic part, and noting that the purely 
atomic part can contain at most countably many atoms while the non-atomic part is isomorphic to [0, 1] 
(equipped with the Lebesgue measure) by Lebesgue's isomorphism theorem (see |[32l ). 

If Lp(ii,fco) = Lp then we are done, since we can take n = ttq t Lp{fi,'Foo)' so assume that Lp(ji,T'co) is 
not isometric to Lp. We may therefore also assume that p t 2. If Lp(//, !Fc») = {p then by Lamperti's 
theorem 1391 (see also Chapter 3 in [28]) for every x e G, since noix) is a linear isometric automorphism of 
£p (and p 2) we have Jio{x)ej = 9^^er-'(i) for all / € M, where is the standard coordinate basis of £p, 

the function : N ^ N is one-to-one and onto and \ ff'\ = 1. Define n{x) € Isom^Lp^ and f : G ^ Lp by 
setting for h € Lp and t € [2"', 2"'+^], 

n{x)hit) := efh (2'-^'^'h) and /(x)(0 = 2''p{Mx), e-). 
It is immediate to check that tt, / satisfy the assertion of Lemma [9^ 

It remains to deal with the case Lpip^fao) - Lp ® £p{S) where 5 is a nonempty set which is finite or 
countable. In this case we use Lamperti's theorem once more to deduce that for each x € G the linear 
isometric automorphism 7:q{x) maps disjoint functions to disjoint functions, and therefore it maps indicators 
of atoms to indicators of atoms. Hence no{x)Lp = Lp and no{x)£p{S) = lp{S). Now, as above 7ro(x) 
must correspond (up to changes of sign) to a permutation of the coordinates. Hence, denoting the projection 
from Lp ® £p{S) onto Lp by Q, the same reasoning as above shows that there exists a homomorphism 
n' -.G^Lp and /' e Z\G,n') such that for all x e G we have ||/'(x)||l„ = ||/o(x) - QMx)\\(^,(s). It follows 
that if we define n{x) € Isom (l^ ® Lp) by n{x) = noix) II,, and f : G ^ Lp® Lphy f{x) = (Qf) ® /' 
then (using the fact that Lp ® Lp is isometric to Lp) the assertion of Lemma 19.21 follows in this case as 
well. □ 



Proof of Theorem WA\ Let [FA'^^q be a F0lner sequence for T and let be a free ultrafilter on N. Define 
: C(r) ^ R by 




(117) 



It follows immediately from the F0lner condition that ^ is an invariant mean on F, i.e., a linear functional 
^ : ^oo(r) — > R which maps the constant 1 function to 1, assigns non-negative values to non-negative 
functions and ^{Ryf) = ^{f) for every y ^ T, where Ryf{x) = f{xy) (we refer to |[55i for proofs and 
more information on this topic). Define a semi-norm || • \\^^p on ^oo(F,X) (the space of all X- valued bounded 
functions on F) by: 

/€C(F,X) ^ \\f\U,p:=(^(\\f\Qf'" . 

This is indeed a semi-norm since invariant means satisfy Holder's inequality (see for example Lemma 2 on 
page 119 of Section III.3 in ||2l). Hence if we let W - {/ € C(F,X) : - 0) then W is a hnear 

subspace and Yq := £co(r,X)/W is a normed space. Let Y be the completion of Yq. 
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By a slight abuse of notation we denote for 3^ e F and / e ^oo(r, X), Ry{f + W) :- Ryf + W, which is a well 
defined linear isometric automorphism of Yq since || • H p is /?v-invariant. Moreover R is an action of Y on 
Yq by linear isometric automorphisms, and it therefore extends to such an action on Y as well. 

Note that by virtue of the upper bound in (II 131 ) for every g,x eV we have \\ifr{xg) - il/{x)\\x < O (drig, er))- 
Thus Rgif/-if/ e C(r,X) and we can define ^(g) € 7 by ^{g) - {Rgil/ -iJ/) + W. Then »P e Z\Y,R). 
Moreover "FC^r) = and for every gi,g2 €T we have 

mgi) -"¥(82)117 = {^{\\Rg,>l'-Rg,>l'\Qf' ^ [oj{dr{gug2)),^{dr{gug2))]. 

This establishes (|114|) . so it remains to prove the required properties of Y, i.e., that it is finitely representable 
in £p{X) and that it is an Lp(v) space if X is an Lp(ju) space. 

Up to this point we did not use the fact that ^ was constructed as an ultralimit of averages along F0lner 
sets as in (11171 ) and we could have taken to be any invariant mean on F. But now we will use the special 
structure of ^ to relate the space F to a certain ultraproduct of Banach spaces. We do not know whether 
the properties required of Y hold true for general invariant means on F. We did not investigate this question 
since it is irrelevant for our purposes. 

For each « > let X„ be the Banach space X^" equipped with the norm: 




Let X be the ultraproduct (n^o^n)^^^- We briefly recall the definition of X for the sake of completeness 

(see |[T9ll20l[34l for more details and complete proofs of the ensuing claims). Let Z be the space (O^o > 
i.e., the space of all sequences x = (xq, x\,X2, . . .) where Xn € X„ for each n and \\x\\z '■= sup„>Q ||x„||x„ < 0°. 
Let N Q Zhe the subspace consisting of sequences (Xn)^o for which lim^^ ||.'c«||x„ - 0. Then N is a. closed 
subspace of Z and X is the quotient space Z/N, equipped with the usual quotient norm. We shall denote an 
element of X, which is an equivalence class of elements in Z, by [x„]^(j. The norm on X is given by the 
concrete formula ||fe],7=o|lx ^ ^i™'^ lk«llx„- 

Since by construction each of the spaces X„ embeds isometrically into ip{X), by classical ukaproduct theory 
(see Il34l ) X is finitely representable in €p{X). Moreover, ifX - Lp(ji) for some measure 11 then, as shown 
in IIllllOllSll, X ^ Lp{T) for some measure t. 

Define T : Yq ^ Xhy T(J + W) = [/ \fX^q- Then by construction (and the definition of W) T is well 
defined and is an isometric embedding of Yq into X. Hence also Y embeds isometrically into X, and for ease 
of notation we will identify Y with T{Yo) c X. It follows in particular that Y is finitely representable in 
ipiX). 

It remains to show that if X = ^p(/") then Y - Lp{v) for some measure v since once this is achieved we can 
apply Lemma in order to replace Y by Lp. We know that in this case X - Lp{T) but we need to recall 
the lattice structure on X in order to proceed (since we do not know whether the action of F on F extends 
to an action of F on X by isometric linear automorphisms). Since each X„ is of the form Lp(jj.„) for some 
measure the ultraproduct X has a Banach lattice structure whose positive cone is {[x„]J^q : x„ > V«| 
and [x„]~ A ty„]~ = [x„ A 3;„],7^o, [x„]~ ty„]~ (, = [x„ V j^J^^^g (all of this is discussed in detail 
in |[34l ). The explicit embedding of Yq into X ensures that x A y,x V y € Fo for all x,y € Yq. Moreover 
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if x,y € Yq are disjoint, i.e., \x\ A \y\ = 0, then \\x + y\\^ = \ + WyW'^j ■ These identities pass to the 

closure Y of Yq (since, for example, we know that X = Lp{T) and therefore convergence in X implies almost 
everywhere convergence along a subsequence). This shows that the Banach space F is an abstract Lp space, 
and therefore by Kakutani's representation theorem ll37l (see also the presentation in BOl ') Y = Lp{v) for 
some measure v. □ 



10 Open problems 

We list below several of the many interesting open questions related to the computation of compression 
exponents. 

Question 10.1. Does 1 1} admit a bi-Lipschitz. embedding into L\ ? 

The significance of Question 1 10. II was explained in the introduction. Since we know that a*. (C2 IZ^)=\ 
the following question is more general then 1 10. ll 

Question 10.2. For which finitely generated groups G and p > \ is a*p{G) attained? 

Somewhat less ambitiously than Question I10.2l one might ask for meaningful conditions on G which imply 
that a*p{G) is attained. As explained in Remark [T21 this holds true if p > 1 and G = C2IH where // is a 
finitely generated group with super-linear polynomial growth which admits a bi-Lipschitz embedding into 
Lp. In particular this holds true for G = C2 ^ and p > I. Note that not every group of polynomial growth 
H admits a bi-Lipschitz embedding into L\, as shown by Cheeger and Kleiner IIT6I when H is the discrete 
Heisenberg group, i.e. the group of 3 x 3 matrices generated by the following symmetric set S c GLt,{Q) 
and equipped with the associated word metric: 
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Similarly to Question 7.1 in ll44l one might ask the following question: 

Question 10.3. Is it true that for every finitely generated amenable group G and every p e [1,2] we have 
"*p^^) = ^ 

It was shown in f3l the for every a € [0, 1] there exists a finitely generated group G such that a^iG) = a. 
Since there are only countably many finitely presented groups the set 

Qp ■- {a*p{G) : G finitely presented) c [0, 1] 

is at most countable for every p e [1, 00) (though it seems to be unknown whether or not it is infinite). Qne 
can similarly define the set of possible equivariant compression exponents of finitely presented groups. 
Several restrictions on the relations between these sets follow from the following inequalities which hold for 
every finitely generated group G: for every p > 1 we have a* (G) > a^iG) since L2 embeds isometrically into 
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Lp (see e.g. Wit ). Similarly Lemma 2.3 in Il44l states that > a^{G). Since Lq embeds isometrically 

into Lp fox \ < p < q < 2 (see 156]) we also know that in this case a*p{G) > a*(G). For every I < p < q 

the metric space (^Lp, \\x - yWp^'^^ embeds isometrically into Lq (for \ < p < q < 2 this follows from |[T2ll56l 
and for the remaining range this is proved in Remark 5.10 of [i42J ). Hence if p e [1,2] and p < q then 
a*q{G) > max f I • a*p{G) and if 2 < < g then a*(G) > ^a*p(G). 

Question 10.4. Evaluate the (at most countable) sets Is Q.*p finite or infinite? How do the sets 

Q*p, Q* vary with p? Is it true that = Q*? 

In this paper we computed a* ((Z^Z)o, dziz)- Note that the metric on the zero section (Z?Z)o is not equivalent 
to a geodesic metric. This fact makes it meaningful to consider embeddings of ((Z I Z)o, dza) into Lp which 
are not necessarily Lipschitz, leading to the following question: 

Question 10.5. For every ori > evaluate the supremum over a2 > such that there exists an embedding 
f : (Zl Z)o Lp which satisfies 

x,ye{Zl Z)o ^ cdziz(x,yr < ll/W - f(y)\\p < dzrz{x,yf\ 

for some constant c. 

We believe that the methods of the present paper can be used to answer Question 110.51 at least for some 
additional values of a\ (we dealt here only with a\ = Y), but we did not pursue this reseaixh direction. 

Question 10.6. The present paper contributes methods for evaluating compression exponents of wreath 
products G I H in terms of the compression exponents of G and H. This continues the lines of research 
studied in / |29] 13 1221 EI] 1121 1271/ . It would be of great interest (and probably quite challenging) to design 
such methods for more general semi-direct products G xH. 

In Theorem 13. II we computed a* (C2 I H) when H has polynomial growth. It seems likely that our methods 
yield non-trivial compression bounds also when H has intermediate growth. But, it would be of great interest 
to design methods which deal with the case when H has exponential growth. A simple example of this type 
is the group C2 I (C2 I Z), for which we do not even know whether the Hilbert compression exponent is 
positive. 

Question 10.7. In our definition ofLp compression we considered embeddings into Lp because it contains 
isometrically all separable Lp(p) spaces. Nevertheless, the embeddings that we construct take values in 
the sequence space €p. Does there exist a finitely generated group G for which a*p{G) + a*^ (G)? Is the (p 
compression exponent of a net in Lp equal to \? Note that for p + 2 the function space Lp does not admit 
a bi-Lipschitz embedding into the sequence space lp — this follows via a differentiation argument (see UP] ) 
from the corresponding statement for linear isomorphic embeddings (see l{49\l }. 

The subtlety between embeddings into Lp and embeddings into £p which is highlighted in Question 110.71 
was pointed out to us by Marc Bourdon. 
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